UNCLASSIFIED 


AD  NUMBER 

AD475296 

NEW  LIMITATION  CHANGE 
TO 

Approved  for  public  release,  distribution 
unlimited 


FROM 

Distribution:  Further  dissemination  only 
as  directed  by  Naval  Postgraduate  School, 
Monterrey,  CA,  1965,  or  higher  DoD 
authority . 


AUTHORITY 

NPS  ltr  24  Nov  1971 


THIS  PAGE  IS  UNCLASSIFIED 


MATHEMATICS  FOR  MANAGERS  MADE  EASY 


***** 


Theodore  M.  Sdeori'  _  _ 

D  D  C 

“d  |niEJ3J2ffitr^.rpj 

John  J.  Shanley.Ulr.pgf.  £9  5065  f 


may  be  further  dis-^ 
an*  holder  only  with  spc3ifi( 
pptQp  fcjifkroval  of  the  u  >.  Nival 
Hotsro&j&U  School  <cod»  035) .  . 


MSKEI&EBBS  FOE  mmm  KUS  EAST 


by 

Theodore  H»  Idson 

Lieutenant  Cossandor,  Civil  Engineer  Corps,  U,  S.  Wa vy 

and 

John  J»  Shanlay,  Jr. 

Lieutenant,  Civil  Engineer  Corps,  U.  S.  Wavy 


Submitted  in  partial  fulfillment  of 
tho  rsqtsireasnts  for  tho  degree  of 


msmi  of  scietse 

B? 

KiKAOE^ST 


United  States  Waval  Postgraduate  School 
Monterey,  California 


19  6  5 


f 


mmsmim  fob  mmrns  mm  mi 


w 

thocdore  M.  Eds  on 
&nd 

John  J.  Stanley,  Jr. 

This  viork  is  accepted  as  fulfilling 
the  research  paper  requirements  for  the  degree  of 

BASER  m  SCIENCE 

w 

¥xmmm 

free  the 

Shi ted  States  Naval  postgraduate  School 


Chaircan 

Department  of  Business  Adnanistration 
and  Eccnoaics 


Bean  of  Program 


Approved* 


mmcT 

The  increasing  ©aphasia  on  improved  saaageissftt,  both  In  goveraaeat 
and  in  private  industry,  has  created  a  requiresant  that  psraons  other 
than  par1©  sathefiatiei&na  be  ksowXedge&ble  of  mathematical  procedures 
core  s epMstieated  than  the  elementary  ones  of  adding,  st&trasfclsig, 
sultiplying,  and  diriding.  The  acquisition  of  this  knowledge*  can  ba 
partiodlarly  painful  to  those  t?ho  bars  bean  aw^f  fross  college  for  a  long 
period  and  those  «ho  sorer  bean  oxpamd  to  higher  ssathsmtios.  Close 
const! ny  of  available  texts'  indicated  that  there  wars  none  which  incorporated 
sufficient  usces^lic&ted  explanations  of  the  various  ratfcesatical  coaoopts 
which  a  cansgesent  student  Host  comprehend,  if  he  le  to  bo  eucoessfol  in 
his  pursuit  of  an  advanced  degree  in  Management.  The  authors  of  this 
research  paper  are  of  the  opinion  that  down  to  earth,  easy  to  understand 
explanations  of  the  basic  fundamentals  of  higher  Eathonntlcs  would  assist 
students  embarking  upon  a  course  of  study  in  the  ssaasgemit  field.  The 
areas  covered  in  this  research  paper  are*  algebra,  functions,  graphs, 
equations,  logarithms,  exponents,  progressions,  and  elementary  calculus. 
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fha  author®  of  this  research  ppe?  gss©  &2@  to  esns&Ser  ntsssroas 
ideas  on  topic  E&terisl  end  preesstatlss  m  a  ree&fc  ©f  rcvi&iias  all 
of  tbs  books  listed  in  the  Sisss  this  r©gwo&  papar 

represents  a  singling  of  ideas  glesisad  ism,  ®3 1  sf  £&©  bssl$a  with  ns 
one  idea  being  specifically  abtri&stsbl©  to  vs®  tmkg  there  is  a 
conspicuous  absence  of  foot-notes.  As  a  ressSLb,  authors  desire  to 
thank  an  of  tbs  aethers  listed  is  the  Mfeliegrai&y  for  their  ■ssssifetteg 
assistance, 
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BEEOBIIBKm 

The  purpose  of'  this  research  paper  is  to  ewppleasnt  &  fcrssl  ecuroo 
in  the  basic  ftsdacactale  of  higher  ssthesatics.  It  jssy  ale©  bo  used  cs 
s  eoLS^instructlon  book  for  students  who  are  coasldsriEg  csharldcg  on  s 
course  la  esnsgesest  for  which  there  is  no  forcal  Kfesaties  course. 

This  syllabus  is  primarily  for 

(1)  The  average  student  who  ray  never  bare  bees  exposed  to 
the  Kathonatical  concepts  contained  herein# 

(2)  Th3  student  who  has  been  sway  fren  eshool  for  a  nusber 
of  years. 

Tho  titles  of  the  chapters  describe  the  content  of  the  Various 
chapters.  An  attespt  has  been  mde  to  relate  eonnonly  taiderotecd  end 
known  occurrences  in  daily  life  to  the  concepts  explored .  Liberal  use  cf 
eolved  czarplos  has  been  aade.  The  student  is  edvieod  to  carefully  follcw 
through  tkeco  solved  premiers  and  to  satisfy  Massif  os  to  the  reuses  for 
tho  cation  taken  in  each  stop.  Obviously,  coca  proDlcns  have  besa  cunr 
nirrplified  for  purposes  of  easy  ea^lasatica.  As  the  otudsnt  beecsss  ssro 
ckillcd  In  the  nsshaaical  processes,  hs  will  probably  psrfcra  easy  of  the 
operations  rmtally  rather  than  with  pencil  sad  paper.  Thors  era  clcs 
scssrous  preblcrs,  with  encrars,  for  the  student  to  work. 

An  tswlsrateaSing  of  the  eeu3spt3  duscastratod  in  this  research  paper 
will  greatly  ease  the  rigors  of  trying  to  wadsrcbcad  the  Esikcaatiss 
found  in  Eccnssies,  Statistics,  Industriol  Eauaganaat,  Lata  Froscssing  2nd 
assy  ctksr  courses. 


mmm  mb  sss&s 


2*1  2st£*sSta3M':a 


Sis  fee?'  to  the  cteSy  of  &  fsraiga  Xsngmgo  is  *  basic  fe&ssrlsSia  of 


tbs  ■fs^sbtsXssy  of  that  Sagged*  gisilsrlyj  imt&essbics  isss  ©  mil  basis- 
vsssbalss'y  that  each  sfcsieat-  isssb  first  grisgp  js’ioi?  to  s&2%ing  S&-s 


sgosifle?  of  the  esbjeot*  ^10  gssagjspks  i£sb  foiled  eostgia  ills 
definitions  of  iarsa  t&ab  sro  basis  to  ts^  cssm  ia  8Xg$ss&  or  &&8&k89* 
Head  t&a&f  tss&arst&nd  t&aaj  Essorisa  tfeaa  *  »  «  thsy  are  sent  ig^pstaat* 


2,2  BafiaiMiKiS-, 

1,  ^stager  «  tiitggQ  is  not&feg  s^steyio^p  4&onft  aa  It  is 

eispXy  ©  t&s3s  ES3bei?s  tfea  gssa  nnrMzs  tss  ©Ml  ^sg@  iatrid^ksst  teuls  ^hs 


first  graia*  Haro  t?o  «m  defining  it  in  j^ptg?cs%sta  g$g:©ol«  It  is 

% 

frci^asatly  ©ailed  ©  %ates£La  ssssbgr  sssh  as  lg  f*  3,  17*  «l£.  It  sgf 
iso  ©itl&sj?  positiTs  or  acgati?®* 

2*  Fractdcts,-  fas’  tfeat  bOT©  ibo  integer  definition  gogattfcod  to 

«KU»nMIU»^ 

sbso?y  «o  eaa  use  it  ia  dofiaieg  t&e  fs^tdoa#  A  t^mWm.  is  tie  rati© 

,  *  *  >.  '  i 

ot  is?©  integers*  ©2*  eao  integer  -difidM  by  ©astfesifg  o«g»  l?/£* 

?•  • ; 

-7/32,  23/-9*  £fes  fraobioa  esa  eifc&sr  bo  pesitiTo  or  negative* 

3*  A  rational  as£b®?  is  say  ms&ttw  or  js^gatiw  integer*  or 

fraction  isadh  tip  of  integers.  Rational  eussbors  are  those  sMefc  cat  bo 

represented  by  the  ratio  of  tess  integers,  ®*g.  20A#  -?/3*  3/*2*  Ibis 

eesttscpb  perhaps  till  bo  sl^Hfied  by  Jgsgcjpg  «fcst  is  m  Irratioml 

anrahor.  irrational  ®ss2s@?a  or©  itea  po$ttdv©  and  sssg&tira  assbors 

tMeh  cosset  b#  represented  es  t&s  ratio  of  te©  integers*  ^,g.  fl*,  7T 

*  ”  * 

(elnoo  Tf  is  not  ssaotly  22/7)* 


fkts  sjs&es®  rysfest  is  &sA  fysicn  a?  «s£*50  €%Sx  SaeSafcft 
m.  pssliive  Begstivgs  x&isssS.  £si  $rr£tis5sal  ss£br§ 
tfes  re£t  iystes  of  makers  ssa  fes  grs^McsXXy  x^pcses^aS  &$  fetear 
«•  e3  «  •  •  *■£}*  *$*  **2*  $#  X*  2*  3>  ^  *  «  *  *  *3 

5*  IgglAoib  ssallggg  arc  ^2§t  «2sib  yss  *?ssXd  sagsst  t&ss  t®. 

Baqr  srt  ssesarltal  assSolsr  s&i?S  represest  Bpseific  niters,  «*g* 

1*  *3/b* 

6.  lateral  cg&era  -  fMsr  is  g®s&zp$  the  ggst  fspostMt  assart  fbs? 
the  I^gijmisg  states  of  algebra  to  grtsg*.  lateral  nrsbers  mro  lottos 
tsMsfi  ropeg&gt  ci*  sts&id  for  esglls it  ushers,  A  literal  Jgsises?  csa-  fee 
a?§f  latte?  of  t&a  al^sbet^  0fci2s  this  lottos?  my  often  ztrstzmib 
different  mssh®?*,  it  is  ee^otisas  ooilad  s  general  gss&sr.  Tk®  tggs  of 
the  literal  or  general  nsE&e?  is  the  principle  fc&te©  of  algebra  that 
dlsfcteg*&£&83  it  frea  arittestie,  e.g«  a*  b,  c,  x»  y,  s,  3a,  &* 

^ftg&al&e  is  defined  as  a  symbol  sMch  is  nsed  to  represent 
different  nnthoys  threttgkotifc  a  psrtieolar  dissucsita,  la  jssotiee,  letters 
fres  t&s  latter  portion  of  tbs  alphabet  &ro  utilised  as  variables,  o4g. 

%  7s  g.  Variables  ere  literal  mashers  that  my  have  several  values. 

8«  A  constant  is  a  s^ol  srhich  represents  tbs  ssm  aunbor  daring 
a  disotjcsleaj  an  absolute  constant  newer  changes  it3  value,  and  it  usmlly 
is  ea  explicit  answer  such  asTf ,  2,  1/3,  etc.  An  arbitr^y  constant  stf.ll 
haws  the  ease  vales  throughout  any  on®  discussion  or  exercise,  bat  my  bo 
assigned  different  values  in  different  exorcises,  and  is  noso&ly 
represented  by  &  literal  mssSber.  She  first  few  letters  of  tho  alphabet 
are  conventionally  used  as  arbitrary  constants.  In  the  oppression 
ax  *  by  +  cs,  a,  b,  and  e  are  arbitrary  ©enstesb®. 


3. 


9*  A&ssi&a  ralro  *  Tha  Imt&k  dt  A  Mss  m  &  m£kz  tMoh 

n*x**>**##** tx&mam&ai*# 

represents  a  t-srtsia  rr^«?5  sitSoat  s^pM  la  th*  dirogtlsa  {mpbis©  e? 
positi^r©)  c£  t£a  Kssber  frs&  £&&?  IBs  cbsolsto  mleo  of  a  esplfro 
sseSe?  Is  that  amS-er  $££&  ite  tigst  «&as@&*  Of  a  psgitiyo  gssbo?  $? 

is  its  ©ssSo?  itself  (a&gs&fsss  oalXod  @i5tKKS*i«ai  tales8) «  2*so 


ogrsississi  etfc3  assists  tslss  of*  is  re^rcccsied  by  is©  vertical  lisas 
straMliag  g  wz£>z?  m  ts&m'A 


I  x  |  mssm  Use  a&seleta  irileo  a?  &  and  ccrsaXg  x» 

|  3  f  ®sasss  tte  gbsolsta  *Aiza  ct  3  ted  ecp&s  3« 

|4?  |  jssHas  t&r  i&sflsti&o  tales  e*  1*  &sd  equals  Is. 

•*  J  li  |  ssca®  zdnea  tisss  afcgoststa  valeo  <£  1*  sad  epals  <4u 

10 »  B»  aXgabraio  vsltrs  of  a  is  eqsai  to  its?.  distdae®  «a&- 

dircotAoa,  either  plus  or  Mass,  £&?&  a  g©ro  point  origin*  By  ceaventiea, 
pies  is  to  th®  right  of  th©  origin  ««d  ^daas  ia  to  the  loft  of  tho  origin, 
liso  sdaes  alga  is  glrays  repaired  bat  iha  pies  sign  my  be  loft  off*  Assy 
moiscr  ©it&aafc  a  nimss  sip;  is  oafeHatioally  considered  to  bo  a  pi mt  of 
positive,  n«£&er* 

As  m  exsagfto*  ia  the  diegrsa  below  tfea  litoral  ncdbera  hat© 
tfe®  following  talusst 


A  **  »2#5 


B  «  +1.£ 
0  *  *3.0 
27  .**  0.0 
B  *  *1.0 


£^4±dl+£l-JL^- 


mif  -£  "•/  £7  •$»  I  «?2.  + 


12.  As  algobroio  cgoroo.eioa  is  a  eos&isatiea  of  sspliait  end  litoral 
mcbors  linked  by  tho  foar  c^ols  of  f^ssSasonbal  mtbosaiigal  op^atiossi 
tMch  cro  addition,  eubtrsstioa.  ir&fciplication,  cad  division.  In  omstfls 


ft. 


of  ess  $2£&rsle  mgrzcz&sz  fodtac* 


A-  * 


IS.  An  algebraic  te*6  is  ft  diit&esi  prb  of  &a  aigsbreio  asgspcss&sa 

»WyitwtiQ|Ht*ww.|i.«ai  wmww. 


sign,  whie&  is  itself  &  pssrfe  ef  tho  iegsg,  As  &n  o^pls,  the  torss  is 

j* 

the  algebraic  expression  above  ara*  A(or  *A),  *3,  «*5s&,  asd  * 

13,  A  zgssggdal.  As  sa  algebraic  e^sreggAoa  with  only  cm  bora  is  it. 
lii*  A  bfncsdal  is  as  algsbrsio  ccs^sssioa  with  tro  to  is  it* 

15.  A  trlnosdal  is  as  algebraic  expression  with  thro®  terms  is  it* 

16,  A  polynomial  is  ©ay  algebraic  eaprosoloa  containing:  ssors  tbaa 
ons  tms,  slthotEgh  of  tea  tho  srord  is  restricted  to  ccsa  an  expression 
which  is  composed  of  a  tern  or  terms  that  contain  a  litoral  ntmber  raised 
to  a  positive,  integral  number  or  goro  posssr.  Issludcd  fress  th®  meaning 
of  polynomial  arc  espressiom  with  tersp  containing  litoral  nu^bors  raised 
to  a  negative  or  a  fractional  power.  Examples  arc  as  follows* 

Broad  definition*  A  *  B  -  «>  6 

Restricted  definitions  3x®  *  £x  ♦  $ 

17*  An  algebraic  factor  is  a  part  of  an  algebraic  torn  which  is 
multiplied  by  another  part  or  parts  of  tho'eana  torn.  It  can  bo  nada  up 
of  only  one  msbor  which  cannot  bo  fuvtkor  broken  down  into  integral, 
rational  nts^ers  other  than  a  combination  of  itsolf  and  tho  anchor  1  cr 
its  negative  and  fee  msdjsr  »1,  In  which  caso  it  is  called  a  price  facte?, 
or  it  can  bo  msde  x sg>  of  sewral  factors  naltlplied  together .  As  an  ©sscple, 
in  M?, «  m  of  the  factors  aro  7  (which  would  bo  a  prizje  factor),  b,  T,  V, 
or  dominations  of  t&a  individual  eempononts  ®uoh  as  7b,  VS,  7bT,  etc. 

18.  the  eoofficieat  of  a  tom  is  the  faster  by  which  the  other 
factors  of  a  tom  arc  n&tipllod.  Efco  elicit  nur&or  part  of  th®  factor 


is  called  3  mssssical  coefficient*  The  facto?  normally  ooasMered  as  the 
coefficient  is  the  facto?  listed  first  in  the  tern*  is  an  e&aspl©,itt 
7bTV,  si sy  of  the  factors  (i.e.,  ?,  b,  T,  ?,  7b,  7bT,  etc.)  could  b© 
considered  a  coefficient  of  the  other  factors  midng  op  the  tors,  although 
7  vould  usually  be  considered  tfeo  coefficient.  The  ntassriesl  coefficient 
vjould  be  7  in  all  cases  where  tee  7  was  a  part  of  the  factor  considered  tee 
coefficient* 

19.  Tho  cogitative  1m  for  addition  indicates  that  tee  eua  of  fejo 
numbers  is  the  same  regardless  of  the  order  in  which  m  add  tea  ntn&srs. 

That  is,a  *  b  is  exactly  tho  ease  as  b  +  a. 

20.  The  associative  lag  for  addition  indicates  teat  tbs  sua  of  terse 
or  Kore  lumbers  is  tho  same  regardless  of  the  order  they  are  considered 
in,  or  how  they  are  grouped.  That  is, a  +  b  +  c  is  tho  same  as  b  *  c  +  a 
or  o  +  a  +  b. 

21.  The  cosamtative  law  for  aoltiplication  indicates  that  the 
product  of  two  nuB&erB  is  the  s&rae  regardless  of  the  order  in  which  they 
are  raaltiplied.  That  is,  a  times  b  is  exactly  the  soma  as  b  tines  a. 

22.  The  associative  law  for  multiplication  indicates  teat  tee 
product  of  three  or  more  numbers  is  tho  sass  regardless  of  the  order  of 
multiplying  the  numbers  together, 

23.  Paronthosis  (  ),  brackets  £3,  braces  £{5  ,  end  viniculwa  -  — 
are  all  symbols  teat  indicate  a  grouping  of  terns  or  factors*  within  the 
eycbol.  Where  the  symbol  is  proceeded  by  a  literal  or  explicit  masher 

or  combination  thereof,  tee  ontire  grouping  is  multiplied  by  that  coefficient. 
As  an  sosasplet 


6b(a*b*5)  “  6ba  +  6b-  *  30b 


22|«  file  distributive  1&?  for  triplication  ssano  that  tho 
product  of  .4  atabsr  sad  a  eia  cl*  Bashers  is  tho  sssa  as  tho  eusi  of  the 
products  obtained  by  ssltiplgrlss  cash  ef  the  other  stabersi  by  the  first 
nuz£>ar.  1.3-  an  cxa&5lef 


3  ab  *  sc  *  sd 

2$,  Tho  deaoaiB ator  is  the  number  bolew  the  ll&o  In  a  fraction, 
while  tfra  asgar&tor  is  tho  ntssbsr  sbeto  tho  lino*  As  an  cssssple,  in  tho 
fraction  »|||  ,  the  dsnoalnaier  is  6?3  and  tha  mrasrator  is  235* 

26*  In  gnltiplieatien,  tho  m&er  which  is  s&Ltiplicd  by  ©noth®? 
xms&cp  is  known  as  tho  caltipllcar^,  -chile  tho  mssber  that  wo  naltiply  by 
is  called  tho  uultipliar. 

27*  loo  product  is  tho  result  of  multiplying  tho  nultipHcand  by 
tho  sultiplior.  As  an  exeaplo,  if  bo  have  a  ssaliiplicand  of  56  and  a 
Kid.tipXier  of  2#  tho  product  is  112. 

28.  In  diricion,  tho  nusbsr  which  is  divided  into  another  nurbor 
is  knoua  as  tho  divieor,  while  tho  msber  divided  is  known  63  tho  d±rid3s&. 
Tho  result  of  tho  division  is  known  aa  -too  quotient. 


2.3  gycbols, 

wG—uiMBii  am 


< 

> 


is  equal  to 

is  identically  equal  to. 
lo  not  equal  to. 

is  less  than 
is  greater  than 
is  loos  than  or  equal  to, 
is  greater  than  or  equal  to. 


nt  n  factorial,  or,  factorial  n. 

<£  (or/w)  varies  as. 

cun  of  variables  of  which 
is  tho  representative. 

a  to  tho  nth  perer,  or,  a 
es^easat  n. 

eqsaro  root  of  a. 
nth  root  of  &» 


a* 


W 


7. 


ftsr  is  equal  to. 

J  '5 1  sbsolt&a  falsa  e£  a* 

©a  a  subscript  a,  or, 
a  sub  a. 


£{sc)  £«£tmct£©a  of  x,  cr, 

t  Qt  Xo 

(s:*$)  point  vises©  eorsai&tes 
fir©  at  sad  7. 

x3  sad  3^  2  padco  asi  x  seecsd 

S'sspocstSrolT' 

ao  n  is^easaa  sdt?:©ai‘ 
botssde 


8. 


the  basic  ©ptrations  of  algebra  a?©  tte  mm  as  as&ttoticj  teat  is 
addition#  extraction,  ssjltiplicafcica,  sad  division.  ^ds  fact-  is  basic 


the  &*s,  b%,  xtesnd  y»s  are  lit® rsl  ssc&era  repressshisg  real  nsshesrs. 
fob  o£te%teo  tetrcduetica  of  a  litoral  s&Xsf*  m-  a  variable  into  a 
discussion  csisss  tee  beginning  student  to  develop  sa  rmmq&'zmef  sssatsl 
block,  Fsrbsps  a  edsple  excgplo  my  assist  tes>  resdsr  in  eleisdsg  this 
Kurdls.  If  s  atssdent  is  aeked,RSlhat  nsXer  ©lien  added  to  b  is  egssl  to 
6?*,  in  arithJ23iic  fc@  tsould  ssyij  *  ?  *  6.  By  rapid  aritir  '‘tic  tho  third 

grads  student  would  supply  tbs  answer  2#  *  ffc^  1st  us  replace  teo  ^ostioa 

.  * 

jeark  by  x.  We  bay®  Ij  +  x  •  6,  Ihat  is  a?  2,  of  oourco ,  f bo  often 
sttsdonts  block  at  this  point.  Sijsdl^rly  h  divided  by  jefc at  equals  2? 

In  aj'dtbcofeic^  m  say  ^  «  2,  Algebra  sixply  approaches  this  problem  by 
agalK  replacing  the  Ration  rark  by  x,  Tba  following  chapter  is  perhaps 
tho  cost  Important  chapter  in  the  book,  Tho  student  teetfid  work  c$d 
understand  all  of  the  oxareices  and  ejsxsplcs. 

This  taaesrlodga  will  pay  e?oat  dividends  ec  tee  oourco  progresses, 
Ecscteer  always  teat  the  operations  m>  really  the  cm®  as  those  ccod  in 
arithmetic,  A©  yon  work  through  tea  exorcises  yen  will  eco  teat  algebra 
really  is  not  as  hard  as  yon  expected  esi  test,  in  fact,  the  colwtlea  of 
problems  can  bo  <pdto  en^eysblo. 


«3tS« 


jgmyritiriririi^ 


^.1 


3*2  Mvialoa  by  Ssro. 


2£  ws  have  th@  expression  £  ®  b.sbore  6  is  sssa  number  ot&sr  than 

o 

o,  then  it  would  follow  that  &  «*  bo  {by  saltiplyiag  both  sides  of  tbe 
equation  by  o),  Thus*®?©  ago  atsf  ssylng  that  g°o,  because  o  tfcss 
esgiMag  is  o.  this  is  illogical  b$*mm  es  said  that  a  was  sera  .number 
©the?  thm  o,  For  this  reason,  w§  say  that  say  nusbcr  divided  bgr  ©  is 
umlefinsd. 

4  V 

3,3  Positive  tod  negative  Ktsbsra, 

One  essential  difference  between  arithmetic  and  algebra  is  that  la 

-  —  -  -  -.3 

algebra  wo  utilise  negative  Husbers,-  this  should  goes  logical  to  the 
student  since  m  have  such  things  as  profit  and  loss  and  positive  end 
negative  temperatures.  The  gysbols  *  and  »  are  uesd  to  signify  shathor 
a  number  is  positive  or  negative.  The  eases  signs  are  also  used  to  denote 
addition  or  subtraction, 

Exsaplee* 

(+6)  +  (-6)  »  0 

(~£)  +  (-3)  *  -8  Parenthesis  used  for  clarity 

(•*6)  «•  (*10  *  2 

A  number  which  appears  without  a  sign  is  by  convention  considered 
to  bo  positive, 

3«il  Operations  with  Sigg.od  gushers, 

The  following  rules  concerning  operations  with  signed  numbers  ©ro 
presented  without  proof* 

Suio  1*  To  ndd  two  mebsrs  of  like  sign,  add  thsir  absolute  values 
«sd  prefix  the  answer  by  the  "like”  sign. 


f  'Sr  *w.- 


Hula  2.  fo  add  teo  nt525>arj  of  iaa3ik©  sign*  gabtraet  the  isssllsr 

absolute  value  raus&er  frcsa  the  larger  and  prefix  the  result 
with  the- sign  of  the  larger  absolute  value  nusber. 


Addition  Examples* 


*8 

*6 

-7 

-l£ 

*2 

j£l 

*2 

m 

*2 

»10 

-33 

Rule  3*  To  subtract  one  masber  frost  another*  change  the  sign  of 
the  rnraber  to  he  subtracted  mid  then  add  the  rstsshera 
following  rules  1  and  2  above. 

Subtraction  Examples* 

*3  +v$  .20  «4| 

±b!2l  ±J±  . 

0  +2?  *35  -1 

Rule  li.  To  aaltiply  two  mszbere*  sultiply  their  absolute  values. 

If  the  signs  of  the  makers  are  the  ease*  the  answer  will 
"be  positive*  If  the  signs  of  the  nuabore  are  not  the  ease* 
the  sign  of  the  answer  is  negative.  In  short*  a  pins  tiasa 
a  pins  or  a  nines  ticss  a  taimia  0  a  pins  answer*  while  a 

pins  Mass  a  sdnua  gives  a  atans  answer. 

; 

Multiplication  Exszples* 

(+2)  x  (+1|)  «  ‘^8 
(-3)  x  (-6)  "  +18 
(♦3)  x  (-2)  *  -6 
(-1)  x  (+8)  *  -8 


Et&e  *>.  So  divido  tse  at sobers,  divide  their  absolute  valuog.  2? 
the  signs  of  the  ntshers  are  alike,  the  answer  nHX  to 
positive .  If  the  signs  of  the  nss&sre  isro  aaliksa,thcn  the 
ansser  »ill  be  negative. 

*A  Division  Examples* 

(*5)4-  (*D  -  +5 
(*io)4  (-2)  *  r5 
(-20)4  ("5)  *  +it 
(•8)4*  (*li)  m  «*2 

As  yon  can  coo,  the  saltiplication  and  dlvicAon 4*olo s  are 
practically  tbs  sjsisq. 

3.5  Exponents. 

a«a  "  a2  (tfee  dot  io  th®  sys&ol  for  tlaes) .  ¥e  cay  that  a  is  raised 
to  the  poser  2.  a  is  called  th®  base.  8is&larly,b*b.b  *  b^.  b  la  tfc® 
base  of  the  exponential  expression.  3  is  the  poser  to  iMcb  the  b&e®  is 
raised.  If  a  letter  or  maker  appears  without  an  exponent,  then  the 

t 

exponent  is  taken  to  ba  1,  In  the  expression  6x%s3j  the  poser  of  y  is  1. ' 
A  letter  or  maker  raised  to  the  ssro  poser  is  equal  to  one. 

3.6  Addition  and  Subtraction  of  Like  Teggq. 

-  j 

This  is  a  sirpla  topic  and  can  to  explained  by  a.sdqjlo  ezcrpLo. 

If  yoa  feavo  2  apples  cad  yon  are  given  3  or©,  yon  then  have  $  applets. 
Sisdlsrly, 

3x  *  2z  a  5k 
W  *  3ay  *  Tsy 
10  ays  -  2sya  *  £iyz 
gate  «  7abc  *  ate 


3 


IShsn  ws  multiply  *  lay  arrive  at  the  .anssssr  •£*  SiMlisrlys 

3£*X*UC  *  a? 

2$  «  X?  *  X$ 

<  .sP-2. 

Vhm  f?e  multiply  like  terms,  i?e  singly  add  ths  exponents  e£  each  ef 
tbs  terms  sad  place  it  as  the  exponent  of  the  original  tars..  If  yos  think 


a  role  is  necessary*  then 


'  "&  •  ah?  ® 


This  is  another  ope  of  those  fmsdasmt&l  operations  that  you  cugxt  to  ten? 

as  «eH  as  your  <sm  nsse.  It  should  be  noted  at  this  point  that  ns  «asasot 

*  ' 

ssltlply  unlike  tessss. 

»  b^  °  or  fA^t  take  year  choice 

Similarly*  as?  •  y2  «o  x3y2  qj* 

Another  basic  point  o©  ought  to  cover  is  shat  happens  then  car  teorcsS  48)  -. 
bo  exfttiplied  contain  nmerical  coefficients.  Vo  colvo  this  prchlcn  ainply 
by  naltiplying  the  naaorical  coefficients  together  and  going  throng  the 
eas»  drill  that  rersnt  through  above  with  the  loiters  and  their  oa^ononts. 
Thus:  6a2  •  3a^  *  18  a£ 

2b»-  3bk  -  -&£ 

Similarly:  n  .  ,*  _  6 


2a2*  fca  •  »3a^  ■  -2k 
a  .  6a3  ,  l$a5>  *>  2Jja^ 


1st  ns  noj  try  a  few  on  or?  eon  and  ceo.M  m  get  the  answers 

■  / 

in  the  aasssr  column. 


Fisd  ifc-5  products* 


1. 

a2  . 

A^s. 

A* 

2+ 

a?  . 

, 

(ji) 

km. 

-z9 

3. 

32*r  « 

XOh^ 

km. 

igtsP 

ij. 

* 

* 

A  as. 

&%i0e3 

& 

3a2  * 

IjJF2 

“ 

Arm* 

ISxV 

6. 

las2  ♦ 

2r3 

*  ("lOiS^) 

Am* 

?. 

2a%^c^  * 

{-Jab"2*?2) 

Am* 

«4s32j©6 

S. 

2x^<. 

6xX  {«®5 

An s* 

12s*1 

?. 

h  * 

(-3a) 

km. 

~XSa*i^r3jJj 

10. 

3^  * 

«  {«»&) 

'  &&8, 

m2faP*&*h 

3.8  Addition  asd  Siebtacsstlea  of  FeljsssSals. 

wnmi»i^namwju-i  wimwmiftjiiwiw nrnwr 

this  certainly  sossds  lilse  a  ^ysteriona  topic*  It  really  lga*t« 

If  I  bars  throe  harass  acd  2  eess  and  fray  tero  so?®  hsreaa  aad  ©all  one 
ecsr,  I  sa  left  t&th  five  feoreas  sad  css  soar.  ¥e!X,tM.s  is  ths  ©ass  V3& 
that  *?3  haadle  a2,  b2,  ax,  tar  and  so  forth.  ¥9  sAcs^Lr  add  sod  subtract 
teiBai  that  arc  tha  ears.  Essas&sr,  &  sign  baforo  a  parenthesis  affects 
everything  is&tfria  the  parenthesis. 

i 

Bxmpl&it 

1.  13a  *  lib  <.  a  *»  2b  "  12a  *  2b 

2,  2fce  -  lQz  +  2Qy  «15y  -  $s  «*  $y  »  & 

3*  ~5sy  *  10  •>  5ys  -  5  ♦  l£sy  **  £sy  +  5 

li«  10  •»  3&2b3c  »  8  *  I}fr3a?c  ■  a^fe^c  +  2 

5,  10a  -  (£s  ♦  2b)  ♦  3b  -  (2a  -  b)  a  3a  +  2b 

lil. 


Sssreieeaj 


Gsrry  out  fes  indicated  cpsr&fc&ass,* 

'-  - 

1. 

&3s2  : 

v&m 

5&2«  2b2'  ‘ 

2. 

&  «.  b  *>  o  -  (5©  «  S*  o 

■&SS. 

A.  b 

3. 

3^s  *  2syz:  -  Isays  * 

Aas. 

h« 

lOa^b2  *  £b%3  “  a3 

Am* 

$. 

3(sy)2  ♦•  s^f2 

Am* 

W: 

6< 

S32  * 

Am* 

g3s*.3sr 

*? 
f  * 

lOsys  » 12  * 

Arts . 

l&rya  ~,32 

3.9 

of  Taras* 

Bm  that  hara  ssssfered  fee  jsaltipliaatioa  of  tsg>as,  it  is 
s^ojsi&ts  that  s?e  £M«j&ar&  am  daralop  a  sssaas  of  fcas&iag  fee 
tern  (s?p.  This  is  fea  easss  as  x2.  x2.  s2  Gts»  gspe^dUma 

discussion  eer&als  s£«  It  then  follows  feat  &  rule  for  hacdiijig  p&ssrs 
of  posses  is 

(a®)^  «  sF* 

and  in  fee  general  caso  t&srs  a  is  a  constant  coefficient 

Cax?a)n  *  &t&m 

Wq  assess  feat  aasd  Bare  positive  xholc  lasers  because  there  ara  no 
sdg£3.  if  there  are  sized  sips,  fee  rules  for  sMtip3jtog  Kteed  sips 
apply.  Per  fee  present,  ws  trill  use  only  positive  musters* 

EzssaLcss  - 

1*  (a^)2  ** 

2.  Or2)3 

3.  (-^y2)3  -^Sy6 

1».  [fey2)^3  "  (^)3  18  72SJT12 


1$. 


-CSrsy  ant  i&c  imSisofttod  operations* 


1, 

* 

<t¥  - 

’  Ani* 

2, 

0P  <■ 

<^)s 

Ass. 

^2 

3. 

(-^5 2  . 

Ans. 

ii. 

(-3s2}-4  ~ 

ansa 

3ls^ 

£>« 

{>2xV)2 

.  (z>nri)k 

Arm* 

32lix^%^^ 

6. 

|(  «23C%')2]  3 

Ans« 

Sljx?-2^ 

?. 

(a2)'1  • 

3h2  .  {3c2}3 

A as. 

8S&^Mc^ 

8. 

(s?)6  • 

(**>)* 

A  ns*,,. 

^Sab 

?« 

(2®F  .' 

(3&)* 

Am* 

3sx  >  ha  -  (She  -  Sss) 
Xljx2  »  2x  +  10  ~  Sx2  -3 


$as 

fcs2  »  2x  *  ? 


3.10  division  of  fers5te 

In  eng  of  a®-  earlier  paragraj&SsWe  developed  tbs  tedmit^aa  for 
handling  ths  maltiplicntieis  of  like  terns.  We  -sssr  want  to  develop  a 


technique  for  handling  th &'  division  of  like  iarE 3,  mssh  as 


_  - 


OMs  osjpreasiea  cay  bo  rewritten  3LI3LI&.  .  By  Mxple  cancellation, 

x  *x 

the  two  x&s  in  the  dsaaaSjsator  cancel  out  with  two  of  the  three  s*e  la 
*• 

the  nusorator  leaving  the  anesar  x.  fhia'  is  the  caaa  operation  that  we 
carried  msfc  in  elcssatcry  arithmetic  as*  *  2.  Hoar*  fcewaver, 

573  are  asfeg  liters!  ambers.  It  thojreforo  follow  that  when  we  divide 
powers  of  like  teres  we  deeply  subtract  the  power  ©f  tbs  <bn®slaatcr  fren 
the  power  of  the  nmsrabor  and  vm  this  as  ths  pewor  of  the  aaswor. 

In  E^ols,thls  rsls  is  as  follows*  _ 


-^r 


S  jjs-n 


is. 


■* 

BaaHjr,  it  &  Mgr  mgr  of  dividing.  As  m  nova  along  you 

«S31 realise  tost  it  will  ba  &  gmfe  aid  in  sSspUfying  uS&t  appssr  to 


(2x2  4*  3y2  +  2x2  -  I^2)i3 
*  (kc2-  y2)2 


(la2  -  **)i«3 


* 

Tftsro  wo  took  what  looked  like  a  very  iepoesible  situation  sad  turned 
it  into  sesatodng  that  is  easy  to  handle.  Sow  let  us  go  ahead  and  lay  a 
few  problem,  Esasstor  that  as  we  txm  along  it  will  bo  nesto esary  that 
you  utilise  all  of  too  little  techniques  that  you  have  learned  thus  fur. 

I  • 

Tka  ©xsrei cos  cay  contain  review  problems  that  have  nothing  to  do  with  too 
icssdiato  paragraphs,  The  esseago  her*  is,  "Do  not  develop  a  sot 
approach".  Stay  loots.  Her©  in  too  early  stages  of  too  oowroo  it  i© 
rocasassdod  tout  you  quickly  review  too  cxor^loa  in  too  book  and  your  own 
solved  problea©  prior  to  tackling  a  new  loesoa.  Wo  all  aacd  too 
roinforceacat.  With  this  little  edrico  in  isted  it  is  tine  for  a  drill. 


17. 


Empcicaas 


Qmep  out  the  IsdicAied,  operations. 

1* 

X3^ 

AES, 

X20 

2. 

sJ-b 

Ans. 

xT 

3. 

(*3S.  *5) 2 

Ana. 

3* 

h> 

35a3 

Ans. 

$& 

7a2 

(l»b2)3 

owdavMM 

Iw? 

Ana. 

kbk 

6 . 

(30a2  •  b3  «  ItolijS 
(ijOb3  .  3a2  ♦  e^)2 

Ana. 

120a2bV* 

7. 

3s?  •  Ipc3  «  2z  .3?^ 

Ana. 

gjyjSl 

8. 

3sd  f .  iixz 

Ana. 

*  &  •  a 

12# 

9. 

(at2)211 

Asa. 

2nt3n 

(2fc)n 

10. 

i  • 

11.- 

2xyz  -l*  -  2ysx 

Ana. 

3xg% 

(JaVc  ■«-  lTb^ca3)10 

Ana. 

kOOefibK2 

(20cbV)^ 

12. 

(2s2  •  3y  ^  •  *)2 

Ass. 

1 

36s2xV* 

13. 

(**)«>+* 

(s«$r)a 

Ana. 

(**)b 

lk. 

(a  ♦  b  +  c  J 3/2 

An 3. 

a  +  b  *  o 

(d  &  b  ,*  a)^ 

18, 


1*  *  0*  •  0} 
* v  ■  wmmr<masem 

o2 

16.  £zys  *»  3sys  +  10 


Ana.  0*“ 


Ana.  2sys  *  10 


Earlier  in  this  ehapter,!?©  leartssd  that  when  m  ssiltiply  fe?o  life* 
quantities  m  add  the  exponents  to  got  th«  product  ®  x£* 

Following  that  reasoning,  if  so  multiply  aJ?  *  xl'  we  obtain  as?-  or  at. 
Another  role  that  vo  usd  is  arithmetic  was  that  the  square  of  fch®  cqtare 
root  of  a  ntssher  equals  ■fee  nus&ar  or 

fu  -fh  -  u 

rs  -w-ia 

In  algebra  the  ease  role  applies. 

\ixji  «|fs4  ■  sJ$ 
and  *?&•* 

^  (y6^  ■  (/)*  -  (y6)1  *  y6 

We  then  can  conclude  that  if  we  raise  any  quantity  to  the  &  power  this 
is  the  ease  operation  as  taking  the  square  root  of  the  quantity. 

Therefore  a$  «yx” 

VaT  »jfjr  *  x  *  x$  • 

Rom&orlng  also  in  one  of  the  previous  paragraphs  that  when  wo 
raise  a  power  to  a  power  we  multiply  the  two  powers  as* 

(x2)^  «  x2*^  ■  x^ 

Sirdlarly  (x2)^  ■  x2^  ■  S^5?  *  x 

then  (x?>*  “  x^*^  *  tys? 

but  also  *  x  likewise  » ^5?"  *  x 

In  the  general  case  then  ^ 


19. 


k.  b# 

5.  (s^ »  x?)5  *  \fxF  ®  x2 


3.12  Negative  Exponents. 

WflMEv£HiMiKlOnCMta^MMnNOfllMWCLVMR^rtMft39 

At  this  stage  of  the  gaes,  we  ought  to  have  the  operation  i2S  “  #"a 

down  cold.  For  a  assent,,  you  should  recall  our  rule  for  the  HulUplioatdcn 

•  » 

of  like  terras  which  was  at?1  »  s®  *  x*2*11,  gy  the  ease  token  x?  ♦  2"?  » 

» V 

Wall  lo  and  behold  this  is  the  earn  result  that  we  arrived  at  after 

carrying  out  the  operation  of  2l?  ,  We  then  can  conclude  that  af®  « jL  . 

•  .3^  »» 

In  sisrole  terras,  wa  say  that  an  expression  which  has  a  negative  exponent 

is  equivalent  to  the  reciprocal  (— J  of  the  expression  to  tho 

sarae  absolute  value  of  the  exponent  with  a  positive  sign.  The  above  few 

sentences  night  sound  like  a  little  gibborieh,  however,  after  you  work 

through  tho  following  problems  you  will  have  acquired  another  addition  to 

your  bag  of  tricks.  After  studying  some  examples,  you  will  probably  agree 


that  there  is  *  nothing  •  mysterious  about  what  we  are  doing. 


1 


2{*  ♦  J>)  '  fr 


& 


*  & 


fiefedtaat 


1. 

3sy* 

*vS?SL  ^  antowi, 

(ys’r1 

As9« 

%£ 

2. 

a  ♦  -n— r  +  2 

s~*=  a^r 

Am* 

2a^  a^a 

3# 

(b2)2 

♦  1 

Asa, 

iu 

U^2j 

Ass. 

♦  a? 

5* 

6. 

(s*b)“ 

arl  *| 

2  *  (a*b)6  .  (A+b)"*2 

~  s“l 

Ass* 

Asa, 

(&+b)2 

X 

7. 

3a2  + 

2b2  +  3csS>  -  a2  •  3b2  •  ®b 

ASS* 

2a2  .  &2  * 

8, 

(**b)r  .\ 

\(e+b)“^/ 

Ass. 

(a+b)2^ 

?. 

(3a2)2  .  (a“^) 

Ann. 

9 

10, 

fc+b  « 

(3a  •  l«b) 

Ass. 

8)  -  2a 

IX. 

1  * 
— JM— ^  ▼ 

A 

■^s  -  “3  *--“r 

A  S3. 

12a2 

1 2.. 

3»*  - 

(2a*  -  2b*)  ■* 

Asa. 

0 

13. 

(Sr>* 

(*>y  7 

Ass. 

Ik. 

«{&*b) 

*  3b  *  2a 

Ass. 

2b  -  3a 

25. 

1 

»**r*«ra» 

sT® 

.  sp*2  1 

Ass. 

3E2 

a. 


* 


5 

1 


I 


1 


i 

n 

p 


I 

I 


i 


J&  #  •  1_  .  i»-° 

2Ta 

Ms. 

s* 

17t  6*4  ^  2b  •*  JwMM 

C&  -  b)”1 

Ass. 

a  *  3b 

10,  {a  »  fe}2  *  JL***. 

Ass, 

.X 

ttaaftaasa 

II  «*fe 

3?,  -x  +  3r+3y+bc«  ®££ 

ins. 

2s  *-|gr 

20.  $3*)^2 

ins. 

82xk 

21,  (3^  »  y3)i* 

Ass. 

'  »* 

22,  ,  as£  •  x^ 

ins. 

X 

23.  I/a?  *  (xl  r1 

Ann, 

1 

Express  as  a  fractional  exponent 

al.  W 

Ass* 

!xf 

25.  *T 

ins. 

xf* 

3,13  Kaltipiy&ag  Polyncslala. 

la  arithmetic,  wo  bad  very  little  trouble  mitiplying  ono  number  by 
another.  If  wa  had  an  expression  st»h  as  2  (l«  +  3),tso  sSap3y  added  the  k 
to  the  3  end  then  multiplied  the  ma  of  7  by  the  2  to  got  aa  anssor  of  li*. 

Tea  ekould  note  that  you  sill  also  got  the  es so  easier  of  ll*  if  yon  multiply  . 
■tea  5  by  tho  2  cad  thon  tho  3  by  the  2  and  then  add  tha  is&vidual  snes 
which  cro  8  and  6,  By  rapid  cathcotics  vs  arrive  at  llu  la  shorts 
2  (3  +  W  ■  (2  •  3)  ♦  (2  •  ll)  *  lil 
Esr  let**  taka  tko  algebraic  expression  a  +  b,  JsO'to  its  literal 
csks^j  vo  cannot  simplify  it  cay  farther  as  vs  could  have  in  tho  expression 
(h  ♦  3)  above,  Suppose  vo  ranted  to  multiply  the  a  +  b  by  0, 
e  (a  +  b) 

22. 


W©  approach  this  'la  tho  ess®  &smr  Sa  T&ieh  m  errlvod  &t  3k-  la  tfe© 

‘  second  Est&odi  above.  tf&  simply  s&q&pirfc  of  the  poipsss&al  a  * 'b- 

by  ‘Oka  maosdsJ  ©  end  add'  up  each  of  the  telifldaal  predeots  {called  partial 
products)  to  got  ora?  answer#  fhtm 

o  (a  *  b  )  •  m*  4b 

By  the  gaee  tokos*  ; 

a  (b  »  e  +  d)  ra  ab  -  so  +  ad 
and 

z  (y«s  +  x?)  «  sy  -  xs  +  x-* 

Hcv  that  ve  have  digested  that;  lets®  go  on  to  the  next  tidbit  of 
knowledge.  Bare  again,  the  arlt&aeti©  analogy  is  also  jaost  appropriate. 

In  arithmetic,  if  va  ware  asked  to  find  the  following  product  (2  +  1)  (3  *  h) 
m  could  get  o nr  answer  by  taro  approaches  as  above. 

2  +  1  "3  and  3  +  !j*? 

then 

3  x  7  *  21 

notice,  aleo,w9  can  mltiply 

2  •  3  and  2  •  it 
and 

1*3  and  X  •  1* 

Than  we  add  up  the  partial  products  of  6,  8,  3  and  h  and  also  obtain 
tho  answer  21. 

In  algebra  again  beeanso  of  its  literal  formation  ws  often  rcsk  vso 
the  latter  aothod  to  saUMply  ess  pflyssz&eCL  ty  metier*  Fos  erodes 
(a  +  b)  (c  +  d)  ®  co  +  cd  +  h®  *  bd6 
It  follows  then  that 

(a  +  b)  (e  +  d  +  ©)  ®  cs  +  cd  +  co+'bs  +  bd  +  be 


a. 


is  to  saltlplj  sack  c£  tba  terns  -af  i&ete?  by  ©a«$i  of  tbs  tafss  of 

i&a  othsr  factor,  and  tbcs  add  tgj  jail  of  $&s  jjastial  p'cdacbs  to  obtain 
the  assse?,  '  ■ 

Baasg>l©3* 

1*  (a*b)  (&«b)  »  a2  ~  &b  +  sb  «  b2  *  a2432 

2.  (a%)  (a*b)  «  a2  *  ab  *  ba  •*■  b2  ®  a2*-  Sab  *b2 

3.  (a+b)  (a2  ♦  2ab  ♦  b2) 

for  simplicity  lot’s  rcrerlt®  tMs  as  fellossss 

a2  +  2sb  *  b2 
a  »  b 

a3  *  2a2b  ♦  b3a 
+  »2b  »  2bS&  <■  b3 

Then  adding  a^  +  3a2b  *  3b^a  +  b^ 

li.  Also  a2  «  b2 
a  —  b 

b2a  -  ba2*  b^ 

fins  and  tico  again  in  tbs  days  shozd  you  will  bo  called  v$oa  to 
multiply  ona  binonial  by  another  binonial.  A  quick  approach  is  so  follows? 

a  *  b 
a  -  b 

2  2  ~ 

Firot  naltiply  t£so  eoltuas  a  •  a  ssi  -b  •  +b  getting  a  end  «b 
rccpsctiTOlyj  thsa  cress  caltiply  the  cera-sro.  Ec^xrbcr,  always  yexa*  aiga 

cssnreatieasj  *♦*«+,  ♦«-*-*  ssd  -  •  -  *  *  . 

» 

in  tia  ebevs  cseo  so  got  *sb  end  «ab  rbich  shss  added  begsthor  gives 
so?©,  Cter  answer  then  is  a2  -  b2.  Lot’s  tay  a  few  rssro  for  a  drill. 


(Bis  hssm  SKfsaseS  life?  iofss 
TsrtisaXSy  for  casa  cf  t£M& ioa 
ssd  e^iarsetlcn,,) 


l&233gil«3J 

le  2x  «  3 J 

x  ♦  y. 

•ngUMKSBMNOT^ 

SX2-*  3ay  -Sy2 
♦  &cy 

2a&°  sgr  *;Jy2 
2a  2x  *  3 

iLa* _ 

6xy  -  ijx  +  97  -  6 

3.  x  ~  y 
2a  -2sr 

2jj?»  2sy  *  27^ 

_ zlSSU— ■ 

2s2  -Ijosy  *  2F2 

Eta?  I  tMnk  ro  are  roa^y  to  try  a  few  exardsos. 
Szsrcieosi 

Carry  <mfc  tbo  indiectod  operations,, 


1. 

b  (ax 

+  by) 

km. 

abx  ♦  b2 

2. 

x  (x3 

+  x2  *  x  *  2) 

Asa. 

x*1  +  +  s2  +  2x 

3« 

(y5  * 

2)  y£ 

Acs. 

y7  *  2y^ 

(6x  ♦ 

2)  3y 

km. 

I8ay  +  6y 

5. 

(a  -  b)  (a  +  b) 

km. 

a2  -  b2 

6a 

* 

(x  ♦  y)  (x  *  j) 

km. 

x2  ♦  +  y2 

7. 

Car* 

x)  (2y*x) 

Acs. 

^y2  «  «  x2 

8a 

(2a  ♦ 

b)  (a  +  2b) 

Asa. 

Sa2  +  &&  ♦  2b2 

9. 

1 

'""o 

aT* 

(s-T) 

km. 

x3  *  j^y 

10.  j 

fl  \ 

(V) 

ACS# 

a 

7$. 


'll*  &  ~  y)  (  2  *  g) 

(S  *  fc) 

3*.  (S2)5  (s*h) 

15*  (a2  «  fc2}  (§4-  b) 

(s  ♦  y)  (s2  +  4-  j2) 

1?*  (a  «  b)  (s  *  3  * 

IS.  i$x  *  (2x  *  ^} 

(a  *  fe)  (»(&  ^  b}) 


20.  (s^  3^  «  2)  -*-■- 

C3?)*1 

a,  ‘|*W"  (s^*  g) 

22.  C-i^) 

23«  {3s  *  y)  (x2*  2gy  *  y5) 

£.’«“»(•!*>  +  *#)' 

#.  (s3*)  (fe*  *  b)  <b*) 

<cO.  (84)^  {§“^5  (^ <4^J}) ) 
2T.  Z  i&b)  (e*b)  -i 
28.  (3x)  (230)  (%»&)<* 

29«  ass^y2  (s  $■  2  •»•  y) 

30.  (Iia!“^)  {  JL^  j 


M%, 

&EaS. 

£»$*- 

-*  ; 

As£« 

ss^*  Ixs^ 

.  -Ass* 

S'*  »  4r  ^2  ^ 

iSSr. 

*  3£%*  # 

Am* 

a2  *  3s  *»  |b  *»  b2 

AtiS» 

is2  *  33sy  *  £*3 

Am* 

^rsjt — ~~~~ 

Am* 

3«V  *  «  6y 

km* 

jM?3  *  6^ 

Am* 

si^-2 

km* 

32^  7^%"  *  5>j^£  ♦  y? 

Am* 

&2&  +  mus 

Am* 

t$*  *  %&■ 

Aas« 

»  3&%  +  3b2a  «  b^ 

Ass. 

2 

&E0* 

3# 

Amt 

^  *  a.n3g3 

Asm* 

tM^WU 

a 


86. 


.  U^ii%^£e«<taiWMWK  ^ifimiwiwiir*. »»'^w  '.■mw *>»«»<’m»<g<sngj«y 


VX'f; 


Sines  d±-?iidoa  is  tbs  satbes&tigaX  opposite  te  s^tiplic2tioa2  fa$ 
rtlea  of  algobra  four  di?ifdoa  sre  tbs  reverse  of  tbs  iralsa  &ar  i^ttplissllm. 
If  m  desire  to  dir&ds  %  ptigmss, USL  by  a  gsssssialj  i*e« 

(^♦2s}f  2 

vr,  idi^Iy  &vido  eadi  tera  of  tba  polynssdal  bgp  tbs  sssnssisl  to  got  ear 
aa*s»s?*  TMs  is  t&s  ssso  as  tbs  foUsssisg  aritteatte  oporatdeos* 

(10  +  25)4“  5  *  ? 


P  2  *  $  w  ? 


dr  we  coaid  attack  it  this  way 


3&is  latter  operation  is  ssalago&a  to  fet  w@  do  in  alge&ga.  In  t&e  aec^ra. 

nfrt  trnnlrf  •snH+./a  ^  _>.  ?2  »  w  a  9 


problea  vo  -rerald  mlts  ib»J. 

x 

Easiest 

1*  (fob  *  2s2)  *f  2x 

^5E  *  "  2s3  +  x 


&.  4.  is»  «  x  *  2 

X  X 


(10s6  +  £a3  -  3a2)  4-  5a2 
10a6  ,  S&3  3a2 

«»»  V*  <**wm  m  mm* 

Sa2  $s2  &2 


¥e  trill  &m  little  ns© d  is  t&is  cosrco  to  ditrido  a  polyncxlal  by 
another  polynoa&sCL  This  tooim&qzs  is  snalgors  to  tbs  operation  uo  call 
lea^  division  in  arllfeatie.  ¥©  Bill  go  flhoad  and  ©olro  a  cespl©  ef 
smsgi lea  hmms j*.  Host  of  the  pzeblc-3  that  so  will  cnsmntcr  of  this 
fesa  wo  will  treat  as  fractions.  ffiasossb  a  presses  cf  fsebcrlcs*  cMob 


so  fern  yat  to  ccnrcr,  m  sill  fettes^t  to  fego&fc  ds^ss  eeapiex.  ^aotiesait 
sspross&oss  into  f&oto^a  €&ch  m  sill  m&mc?  to  esssodl  &£* 

this  say  eeafoss  jots  for  fee  asaranst,  So  ast  ««s*gr  absst  it  for  mr* 


(x2  ♦  2ay  ♦  y2)  <4®  (at  *  j) 


ffcis  is  fee  loss  division  approach*  ¥o  divide  tbs  first  scs^ks?  of 

fes  divisor  «hicb  is  x  isato  the  first  t am  of  the  dividend#  Wo  got  as  » 

partial  widest  +x.  Shis  so  c&tiply  by  fee  divisor  to  got  x2  ♦  ay#  We 

fees  sfetsaat  fels  froa  fee  osigJsjol  divided  sad  w»  obtain  ay  +  y2.  Wa 

feea  go  ferosgh  fee  operation  again  and  got  fea  partial  qsoticat  *y*  Ik 

*  *, 

this  coco  tteo  is  tss  rejoinder,  53ms,  x  *  y  god$4&te  ar  ♦  gay*  ♦  y2 
exactly  x  *  y  Mass*  ¥a  eso  fees  that  (x  +  y)  (x  +  y)  eegc&s 
x2  +  Say  +  y2.  ihea  so  toko  tp  factoring  yon  sHl  learn  «sd  then 
recognise  •feat  *  £xy  *  y2  *  (x  *  y)2  *  (x  +  y)  (x  +  y) 

¥hca  ©shod  to  disido  fee  j»2yssdLals,  so  soaM  pat  feca  into 
fraction  fom  no  follesst 


x  ♦  y  j&&*gr 

lot’s  do  ©  long  division  jrcbiea  estr  docs  cot  divido  cat  crcrily* 


.2 


*  6b2 


I.... ..if . .. .1'^ r. nyn 

4^  •  •*’  ISti  ** 

a3  »  agb 

-  ija2b  +  2&2a 

*  6b%  - b3 

+  6b2a  4 


She  asssaes?  then  is  a2  «  Jjab.  •>  6b2  ♦ 
Lotse  try  a  tea  of  these  on  our  own. 

Exercises? 

Carry  out  the  indicated  operations. 


1.  (a3  *  2a2b  -  2b3a  -  b3)^.  (a~b) 

Alls. 

a2  +  3sb  **b2 

2.  (x2-y2)-r  (x*y) 

Ana. 

x  «  y 

3.  (k2  -  L2}  “5“  (ff  «  1») 

Ana, 

K  ♦  li 

l»,  (16a2  »  9b2  )~(lta  +  3b) 

Ana. 

2j&  •  3b 

$.  (33C2  -  Ipc  -  lj)-~(s  »  2) 

Ana. 

3x  *  2 

6,  (ISx2  *  hx  -  8)  ~~  (2x  *  2) 

Ana. 

6x  -» I4 

7.  (6k3  +  ■»  2s  »2)  (3X2  ■  1) 

Ana. 

2x  +  2 

8.  (3s2  •  &e  -  2)  (*  *  2) 

Ana. 

3x-i0+  | 

%  oITm-1  •  (3**w 

Ana.  • 

9s2  *  16 

10.  S^»  k#  .  k10  . 

Ana. 

e3!> 

11.  ^  (x3  +  2) 

Ana. 

a$jr  *  Sht^y 

12.  (s2  -  y2)  • 

Ana. 

*  -jr 

13.  (a2  *  2*tb  ♦  b2)  •  (a  +  b)**3* 

Ana. 

a  +  b 

29. 


FACK&im  AKD  SIHF13FICATI0H  CP  FACTORS 


h*l  Factoring, 

MMieOBMqnMMu1  y 

la  the  days  ahead  yen  will  see  hey  algebra,  can  be  used  to  solve  may 
isaay  problems  which  we  could  act  solve  with  arithmetic*  Oftentimes  Is  the- 
solution  of  algebraic  problems  we  develop  complicated  fractions,  poly* 
noiaials  and  equations  that  can  be  simplified  by  the  process  that  is  colled 
factoring.  Factoring  is  the  opposite  operation  to  the  q&o  m  have  learned 
In  tb.fi  previous  chapter,  the  multiplication  of  polymalsle.  A®  m  mre 
along  into  the  subject,  we  will  learn  several  clever  techniques  which 


through  drill  the  student  will  coaait  to  sssory. 


La  a  tecl 


town  ccsroi 


ssoiona 


rectors 


or  mltiplicrp  which  when  and  if  multiplied  togothar  would  become  the 
original  expression. 


The  factors  of  10  ares  10  and  1,  or  0  and  2,  The  faotora  of  100 
arotlOOaod,  1*  or  20  and  0,  or  10  and  10,  or  h  and  20,  or  2  and  00, 

In  algebra,  the  factors  of  x2  are  x  and  x,  of  aro  x2  and  x. 

Eccsnbor  that  factoring  is  taking  a  product  end  finding  out  what  multipli¬ 
cand  and  multiplier  were  multiplied  together  to  arrive  at  the  given 
expression.  If  we  were  asked  to  divide  2^-,  one  way  of  approaching  this 
problem  would  be  to  break  tee  numerator  into  x2*  x  •'  y,  divide  out  the  x2 
in  the  numerator  and  denominator  and  you  would  be  left  with  an  answer  of 
xy.  Our  approach  was  to  '’factor"  the  x3  into  x2  and  x  and  then  simplify 

the  expression*  Keep  this  simple  problem  in  Bind  as  tra  learn  a  few  core 

useful  tool®  of  the  trade. 


ffee  first  rule  of  factoring  is  to  factor  oat  a  ee&$»»  ter%, 

i.e.,  ax  +  ay  can  bo  factored  into  a  (x  +  y).  As  you  -ee®,  w-.fe^a 
worked  4«at  opposite  to  oar  ealtiplie&tiojs  presses. 


Siedlarly, 


sra  +  x&b  •*  x2  (a  ♦  x%) 
ax^  +  fes^  «  x^  (a  ♦  bx?) 


and 

l&e3  *  ICx2  +  $x  ■  52  (3s2  -  2s  ♦  1) 

In  the  day©  ahead  yea  will  us©  this  technique  ever  sad  over  again. 
Henssbor,  the  first  thing  to  look  for  ie  a  eoasen  tera. 


Examples* 


The  cccond  rule  that  ve  will  use  over  and  over  again  is  the 
"difference  of  tee  squares  role®.  The  role  is  stated  Bjrholically 
as  follows. 

x2  -  T2  -  (x  -  y)  (x  +  y) 

That  is,  the  difference  of  two  squares  can  bo  factored  into  the  stn  aid 
the  difference  of  the  square  roots  of  the  absolute  values  of  tho  original 
components. 

Exos^lcs* 

1.  a2  -  b2  »  (a  -  b)  (a  +  b) 

2.  a^  -  b^  *  (a2  »  b2)  (a2  +  b2)  «  (a  »  b)  (a  ♦  b)  (a2  +  b2) 

3.  fcx2  ~  1  •  (2x  -  1)  (2x  ♦  1) 

li,  l6x2  -  liy2  «  (lix  -  2y)  (lix  ■**  2y) 

The  student  will  perhaps  grasp  tho  concept  if  he  will  caltiply  the  above 
factors  to  obtain  tho  original  wcprocsieii. 

32. 


<?*  ~  1 


*  1 


®  08  X 


(Ijx2*! )(2x-X) 


S5»wgtygg»a»-  SB  <Jwwcwj»Tr<  ^wnarrwrW*  & 

2s  -  X  -&c  <a-3  ^ 


Th®  nest  faster  nils  that  ra  ought  to  know  and  to  reeogaiso 
to  further  simplify  sore  ecsplssx  expressions  ls» 

a2  ♦  2ab  +  b2  «*  (a  I  b)2  ®  (&  +  b)  (a  ♦  b) 

Siadlsrly, 

its^  *  8sy  *  hr  ■  (2s  ♦  2sr)  (2x  ♦  Sy)  (xn  this  ease 
have  ©aid  that  a2^*  Ijx2  or  a  *  2x  and  b2  “  Jjy2  or  b  *  2jr) 
and 

Ste2  ♦  6s  ♦  X  -  (3x  ♦  X)  (3x  ♦  X) 


The  nest  factor  rule  that  w®  east  also  learn  is  similar  to  the  om 
m  Just  talked  about.  It  is* 

a2  »  2«b  ♦  b2  9  (a  «  b)2  *  (a  «  b)  (a  •  b) 
and  again  siKilarly, 

lix2  -  8xy  +  liy2  ®  (2%  •  Sr)  (2s  •  2y) 

and  _ 

9x2  -  6s  ♦  1  «  (3x  -  1)  (3s  -  1) 

There  are  several  other  factor  rules  that  we  could  develop  now,  but*  wo 
will  taka  the a  up  in  the  next  section  after  wo  have  drilled  ca  tho  above 
coaly  acquired  tosowlodgo. 

Exercises* 


Fee  tea*  tho  following  oppressions. 

1. 

sxb  ♦  bkl 

Ana. 

t(as  *  {&) 

2. 

pb  +  ap 

Acs. 

p  (h+a) 

3* 

15x3  ♦  IQs2 

A  ns. 

Sx2  (3x*2) 

%s£  »  1 

Ana. 

(8xKL>  (8s«l) 

1&3  -  ip^2 

Ane* 

Ws-gr)  (**y) 

&3  ~  2&2b  *  ab2 

A  ns. 

a  (a«b)  (a«b) 

9x&  +  6x3  *  x2 

Ans. 

x2  (3x*Y)  (3x  ♦  1) 

2*13  .  sjy12^ 

Am, 

2s(x3„y3)  (x3*y3)  (% 

li.2  Sosa  Other  Cession  Factors 


There  ar©  to©  other  factors  that  re  ought  to  learn  to  recognise 
Thee?  are  the  stta  of  too  cubes  and  the  difference  of  2  cubes.  The  © 
of  two  cubes  can  be  factored  as  follows* 
x3  +  y3  «  (x*y)  (x'-’-XySy2) 

This  cm  be  proved  by  JSiltiplying  the  too  factors  <, 
x2  -  xy  +  y2 

x3  -  x2y  +  xy2 
*  x%r  -  xy2  »  y3 

a3  +  y^  ®  x3+  y3 


Similarly, 


x3  »  y3  a  (x„y)  (x2  +  xy  +  y2) 

x2  +  xy  *  y2 
x  »  y 
x3  +  x2y  +  y2x 
•  sc^y  ~  y^x  -  y3 


*3  »  y3 


ll,3  Factoring  Trinomials  of  tbs  Fora  ax2  + 


You  Bill  recall  froa  too  previous  chapter  when  wo  dicouosed  too 
multiplication  of  too  binomials,  cay  (2a  *  1(b)  (3a  +  2b),  our  Estocd  was 
to  multiply  each  tcra  of  either  by  too  teres  of  to©  otoex\  A  toshaigM 
which  toe  student  ray  find  helpful  to  carry  out  this  operation  is  to 


* 


x^rito  the  tsnas-  one  over  the  otter  m  follotjs. 

2a  -  lib 
3a  *  lib 

Multiply  the  left  colusa  to  get  6a2  then  isslfcipSy  the  right  eelsEa  to 

obtain  °l6b2.  iha  oast  stop  is  to  saltlpSy  i&ggesally  ^  xKf) then 

algebraically  add  the  resalt.  la  the  ease  wo  are  dieeusstegjW®  w©eld 

sssCltiply  (3a)  by  (-hb)  and  obtain  -12ab.  fhoj^se  would  ra&tiply  (*lib) 

by  (2a)  and  obtain  Sab.  In  mzs3£sys8we  situation  would  leek  like 

2s  -  lib 
3&  *  lib 


6a2  -  12ab  -  i6b2 
+  8  ab 


Ana.  -  !*  ab  -  lob2 

Tho  student  should  eonfira  that  this  operation  conform  to  the  rale 
of  mltiplying  bincnL&ls  which  we  discussed  above. 


Remabar  that  factoring  is  &  process  of  determining  a  possible  cot 
of  meters  which  were  rmltiplied  together  to  get  a  certain  mater,  We 

withatrinonial  of  the  above  fenr,  6a2  -  Ijab  -  l6b2sand  we 
uay  want  to  simplify  the  expression.  Our  abroach  would  bo,  ia  a  cease, 
working  in  a  reversed  direction  to  the  process  shove.  Wo  would  first  cay 
to  oureolvca  that  the  two  faotdra  will  each  be  cado  up  of  an  a  and  b  tens* 
We  would  then  jot  down 

a  b 

a  b 

We  would  then  see  what  wore  tka  factors  of  the  ta^and  of  tho  -16b®, 

*  6a2  *  (3a)  (2a)  "  (6a)  (a)  *  (-3a)  (<»2a)  «  («4a)(~a) 

-  16b2  »  (16b)  (-b)  «  (8b)  (-2b)  “  (lib)  (-lib) ,  etc. 


| 

| 

{•  35. 


$ 


than  gatsh  tfca  different  cesMasfeio^g  ®£  tfe  ts®$i&®r 

until  we  gat  a  c^Mmtism,shieh  whoa  mfl&ipMtd  %Q0^m^:^3X  $»&» 
tho  Biddle  tsrai  (tb)  m  a?©  Imtei&g  f«a%  fM %3£  ha&fymg  ©«n®&  a  little 
tod  to  urdarstssd  at  firsts  bw»,  after  w&  W&  &  Sm  %&  t£»®» 
problems,  90a  «HHL  valise  that  it  1©  ragdy  quit®  &ta$I»» 


Factor  the  follartlagt 

1.  x2  <  5*y  ♦  l#2 

(x  ♦  fcy)  (x  ♦  7) 


2.  ^x2  -  3xf  **  $gp 

(3x  -  2y)  (3k  *  y) 


?mfi  x-  * 


nw//»m*faM 

T$-  + 

❖  w- 


*  ljy2 


It  should  bo  noted  at  this  point  that  not  every  expression  of  tho 
fora  ax2  +  b  x  y  +  oy2  can  be  factored.  Haay  each  oxpre colors  cannot 
bo  further  fiiKpllfiod.  Both  x2  -  Ijay  +  y2  a sad  jfc2  -  lOxy  *  2F2  aro 
examples  of  expressions  that  cannot  bo  factored.  Oaco  all  of  tho 
combinations  of  factors  above  have  been  chocked  and  tho  student  ie  not 
able  to  arrive  at  the  niddLo  tern, then  he  should  conclude  that  tho 
expression  cannot,  be  factored. 


Further  on  in  the  book,  when  re  take  up  tho  study  of  quadratic 
equations,  vo  will  see  that  one  approach  to  tho  solution  of  quadratic 
equations  i3  tho  utilisation  of  the  techniques  of  factoring. 


35 


Bsa3?dU?®f3t 


1. 

Fasten  the  foUosi^sj 

x2  «  8x  +  8 

Ana. 

(s  -<•  l|)  {  3E  «  2) 

2. 

12  *  x  •  s2 

Asa. 

<3  ♦  3t)  (1)  ~  x) 

3. 

*  sb  ~  b2 

Ana. 

(3s-h)  (2s*b) 

li. 

8*3  ■>  l6^y  ♦  &sq£ 

Ana. 

3* 

3x3  -  12s 

Asa. 

(Js)  (s-2)  (s^2) 

6. 

3x3  „  6s2  *  Six 

Acs. 

(3s)  (s2*^?) 

7. 

8x3  *  y3 

km* 

(2s^y)  (Ip^-fbsyay2) 

8. 

»  8 

Acs. 

(a-2)  (s^-2s^) 

9. 

3a2  +  ab  -  &b2 

A as. 

(3^b)  (a-b) 

10. 

2 be2  -  2liy2 

Acs, 

2l{(r-y)  (x*y) 

lu&  Slspliflsatioa  o i  Fractions. 

In  arithmetic,  the  general  dsfinit&oa  of  fractious  is  oso  nsber 

divided  by  another  aus&sr.  The  tec  ntsbsra  aro  separated  by  a  line  xdiich 

sysbolisco  tfe©  division  sign.  iL  esans  h  divided  by  2.  iL  in 

2  b 

algebra  synboliaes  &  divided  by  b.  In  2ritteetic,W3  cancel  exit  llie 
teres  to  eirpHfy  the  expreosien3.  As  an  esacploj 

m  *°° 

In  this  expression, the  8x8  cansolo  out  with  64  acd  the  7z$  cancels 
oat  with  the  33>,  since  like  fcssss  cancel,  Tho  erpreagdoa  is  tteaa  equivalent 
to  500.  Bos ever,  you  east  agree  that  tbs  300  fora  is  the  sskpler  of  the 
fcso*  Since  literal  Berbers  in  algebra  eisply  represent  the  nxsbern  sbleb 
so  deal  with  in  arithmetic,  the  eperatica  is  identical.  Vc  break  iho 
nxesrater  and  dencainatcra  desa  into  their  sdzq>Xcsi  factors  aai  then  cancel 
out  like  tescea. 


t 

r 


"rir-7^ 


37. 


SS&sa  la  s-rltbsstic  t*s  get  dsal  fdt&  ssegatSse  sssb&rg*l&.&i 

esssidsred  ss^srojsrisb®  Hat  t&  t&ks  ib®  i&s3  to  #231  la  ilia  fcsspSLS^i  e£ 

~  -*  ** 

msatlve  sss&svs  is  fesetisc®*  Tbs  gitslssb  ^asild  los^  at  a  i&totlca  as 
havisg  tbroo  «sb©gs8*$@s  a?  sdgssi* ' 

(1)  ffea  glg^.ef  tbs  as&^tsy  teis^ 

(5)  ?§©  gigas  of  *%s  dsseslaaieg?  teres 
(3),  Sis  siga  <?£  tbs  f^stioa  itself* 


¥©  csa  o&asgs  gay  of  tbs  above  categoric  of  sigss  (fzoa  4*  t© 
&$*  •  to  *)  without  ebaggiag  the  vsluo  of  t&a  ssptgsssies.  SMg  f&ZZmm 


£vm  bb®  jpsiI®  tb&b? 


*  divided  by  + 


•  divide  by  « 

4-  divided  by  - 
«  divided  by  * 


A  plus  gigs  fesfera  a  teWs  ssa  b®  esss&dsrsd  us  a  KaltJ.plicr 
{havlsg  fee  value  *1)  o£  tbs  fs^ctioa*  Xdleetsis®*  a  eegativ©  edga  before 
&  fraction  oaa  bo  esusidsrod  as  &  lajltlpH®  (bsvleg  tbs  valtss  «1)  of  tbo 


L@i*s  #£21  with  a  souplo  of  eii^l©  srltfesbic  fraetioss  to  as®  ii 
tba  ebovs  suslQ  is  valid* 

fake, for  emsg>l9,tfeo  fraction  +  ,| 

Ste  slgBS  «•  tar  foUe»  *  % 


@-*5  •r~fr  ^Ajfc'' 


* 


lot  b 

tisat  «5L  disddM  fey  «2  gi?eg  *|  for  as  ssssrss*.  f Hsrofcr® 

0®?  T3ltS3  cf  08T  fpgabloa  fes@  sot  eba^d,  Algo*  starting  again*  tM@ 
tlss  with  t&s  fraction  «§  ©r  «  ®^°3  ©an  ^fesng®  tfes  sign  $P&ot40a 
frost  •  to  *  asd  t&s  sign  of  t^§  nrnsr&ter  te  ■>!  bo  «1*  ¥s  fes?s  ©feasted 


f£o&  •  to  *  &sd  t&e  sign  of  t^§  m^sr&ter  froa s  *1  bo  *1#  ¥3  ez&h  esmz 
2  categories  of  t&gp&j,  th&t  of  tfea  fraction  sad  tis&t  sf  %k&  atzssrator* 
t?a  aog-  buss  *  ^|>.  or  ®x  disidsd  b;f  ^2,  vbieb  gi?$g  a  •4'  ¥&ea  ss&tiplic 
fej  -fee  *X  (iffidsretsod)*  We  «e@  bask  at  ©a*  original  valtsa  of  «f  or 
*  ^  iMoii  is  idle  s&ss  as  +  «||-«  It  follow  bte*.  .if-m  tekf>  t&s 


fraction  *  «||  and  change  the  eiga  of  the  fraction  fro  » to  *  &M  the 
sign  of  the  dsnes&aatcr  fra®  -**2  to  *2  tbs  vapU»  of  iS»  fraction  still  is 

4  ©? 


*  +  *i-  » 
«*2 


fh®  sags  rale  applies  to  tho  literal  aisaters  of  3Xgsfcr%gins©  tte  letters 


aisply  reprssent  real  ^altsos. 


Tiisrefore 


♦a  _  .  *s 

*ww  W  T  •»««» 

+b  «fe 


Sensnbsr  &s  three  categories  of  signs s 

1.  The  sign  of  tho  fraction 

2.  Ksa  signs  of  the  tens  in  the  «E®arater 

3.  Ths  signs  of  tho  tsrsa  in  tfeo  doneninator 


In  the  expression  — &m*Ls*m  t  t?g  can  change  tho  sign  of  tbs  fraction 
x  (x  •  y) 

aid  tec  signs  of  tha  nussrater  and  obtain  -  — 3LZJL  tfzich  emisls  «  ~L.. 

X{Z~f)  X 

©inoe  rearranging  Vm  signs  vs  era  'able  to  casco!  ont  the  x  -  y  in 


feoNs  tSi©  ntsssrabor  sad  denominator, 


39, 


& 


l) 


x(3?  «  2s)  2s 


*  «  (2k  *  3?}  *  «Ss 


Por&aps  '£»  ehoaM  for  a  Eoarab  t&s  ep52?atioa  of  division  ©f 

*  ^ 

tea  frsctioase  Is  aritfesatis*  if  ^  «str©  te  divMs  ^ 


law  mlttea 


or 


.  2fe$  lister  2=^1®  m  foil Is^E  sp&g  te 


iaarsrt  t&a  dsasstoter  o?  divisor  ssd  then  ealiiplgr. 


js, 

j. 


n. 

Similarly  <4**. 

f 


*  Jil  B  3 


1 


&£OtJa®r  less  is^rfeaafe  opsraUon  is  taking  a  «^s©g®  root  of  a 
2?  srs  eqasra  ^  $  m  xotite  mite 

„  J  *  JL 


?« 


2a  ether  n ^des  $®  square  both  tha  separator  am  ilaacs&ssber* 
that  the  eqsssr©  rcet  is  the  opposite  opor&tica  to  sms±s?g*  «s  uocM 
natemlly  take  the  square  root  of  bath  the  dsaesstete  cad  the 
Srcaj  teo  gqaare  root  of  .|,  i®  written  as  follow? 


,  x«a 

i.  nr 


2. 


*  2 


b  _  s  » 

—  w  ®#**«*w 

S 


ts 


a 


3. 


3* 

MUM 

2 

f/ 


•  JC. 

y 


*  2 


1-0. 


spsraiisa  of  finding  the  least  eopssa  issssatatoi.. 


called  the  ©Plges&tioa  of  fr&otieas.  Ik  sritfesstie*  if  t?a  &ad  tfeo  pa 
of  -i  *  •!  *  «|  i?s  igotsld  find  the  ssallost  assSsar  that  all  t&?§e 
doacadjiators  seald  divide  into  ©vmJyj  w©  called  this  tka  least  ceases 
desosdaator.  In  this  c&ga^  the  jks&s?  weald  ba  6*  Th&n  m  would  divide 
each  of  tfcs  denoslmtors  is  turn  1st*  6  and  thea  ssltdply  the  nasssrator 
of  each  fraction  by  the  eorreef&mdlssg  qsetieafc&ad  sis^lify,  As  an 


^  i  ♦  f  ♦  1' 


2  +  3  * 


M  «  1  . 

6  3 


Again  tfca  sat&cd  la  sigabm  is  the  csss,  let* a  take  the  egression 


2 

W«CEH3C»^X 

X*  3 


x*  - 


la  this  m$®  t ho  least  eesasoa  dasesdnabor  ig  s2  «•  $  or  is  its  ftotes 
f*&&  (x<*  3}  (x  *  3),  fhaa  sisoa  x  ♦  3  goes  iabo  x2  »  9  exactly  (x  «  3) 
tlisss  sad  »  9  goes  iota  itself  case,  the  original  espregsioa  tkon 
ei^Oiflea  as  follosf®, 

J-  „  ie£  «  *£■ 

x+3  x&>9  (x-3)  (x+3)  (k-3)(x‘n35  x2-9  si-? 

Examples* 


♦  t  yse* « k  (3s»t}(3§£*2) 


8k2  «* 


aw  © 

*  «  4>  *»  « 

b  dl 


«d.  ♦  cb 


fca.  1 

a 


£-^  *»  1 


*  A  ♦  1 


+  1  ❖  a 


llj.  - -  * 

(a-to)  (a-c) 

(b«&)  (e^b)  (&*$} 

tagCTWy- 

(shs) 

km.  ^ ^*»»»«**“ 
|a®gf)-  -OH*)- 

StejiSLyf 

i$t  .  IsaSL.  ju,  ^?±L»» 

km. 

a£  _  <s? '  «  sj  f  y% 

y2  X2*  3$“  *  s3®* 

y  (x2  *  ay:<*  y2) 

^  *Z  +  Z— 
•*®*  Wt  y-x 

Ana* 

Sfc 

1*y(*^’ 

2  \ 

2*35! 

%■>  2y 

17*  C-3)2 

km. 

? 

is*  07  4* 

km. 

12$ 

,0  3^ 

1?*  wF 

- 

km. 

1 

3 

Fcrfora  t&e  Indies  tod  cpsa’atioas  ersd  sit^plify  w&oa  passibl®. 

SO.  aAs-* 

&S13« 

*8 

a.  (x*5* 

km. 

2 S,  {3x2a)1» 

km. 

813^* 

23*  jjb(ft+b) 

km. 

a**8 

2ij.  a2*"^  J_ 

[a^Cb^*3)2] 

Am. 

Simplify# 

2?.  $b° 

km. 

5 

25*  — i— 

(x-3r)° 

km. 

6 

27*  (3a"V  f 

km. 

a2 

«“T* 

S?* 

23*  (-X*1)’1 

km. 

■X 

ii3* 


agp*  «*  g2 

•4  *  t  *  # 

b  «gf  ls-^4 

w««w«m««  A  ®f***w*ta» 

12  13 


ME  $ 

Fipcmp  ms  mm 

Since  ftsactiocs  and  graphs  are  so  elegcly  related  to  ©a©  another 
tea  discussion  of  both  has  boon  Incorporated  into  teia  chapter.  2b  sot 
uorry  about  the  relationship  at  this  tisaj  it  will  bscoap  clearer  as  you 
approach  the  end  of  tea  chapter.  Sicoo  a  function  jsost  exist  bofore  a 
graph  is  drasm,  m  will  start  off  with  a  dieoussLon  of  factions. 

5«1  Inactions. 

Functions  are  sorely  a  eysbolle  way  of  indicating  that  a  relationship 
exists  beteeen  two  or  more  variables.  Wo  can  easily  understand  functions 
if  we  say  to  ourselves  that  tea  s&eunt  of  jsonsy  we  hsre  in  onr  pockets  is 
a  function  of,  or  is  somehow  related  to,  the  meteor  of  quarters  in  our 
pockets  (if  us  aesux©  that  wo  fcora  quarters),  or  tho  Busbar  of  quarters, 
dissas,  and  nickels  (assuming  that  we  have  only  quarters,  dimes,  end  nickels 
in  our  pockets),  etc.  If,  in  the  first  case,  we  let  n  stand  for  the  sonsy, 
expressed  in  dollars,  and  q  stand  for  the  number  of  quarters  in  our  pockets 
wo  could  write* 

a  depends  in  cos®  mnner  upon  or  is  related  eorashow  to  q, 

Wow,  since  we  are  saying  that  a  is  dependent  upon  the  value  of  q,  we  call 
a  tee  dependent  variable  and  q  the  independent  variable.  Ihen,  since 
nateecaticians  are,  in  general,  lazy  when  it  corns  to  writing  things  out, 
we  substitute  a  literal  gyteol  (usually  £ ,  probably  because  it  is  the 
first  letter  of  tea  word  function,  but  ary  symbol  may  be  used)  followed 
by  a  parenthesis  in  place  of  the  words  Bdspende  in  boss  sannor  upon  or  is 
related  eemshow  to*.  Host,  we  place  tea  ayhbol  for  tea  independent 
variable  within  tee  parenthesis.  If  there  are  two  or  core  independent 
variables,  we  put  tea  symbol  for  each  within  tea  parenthesis,  separating 


the  symbols  with  cesssas.  Then  in  order  to  separata  ■fee  @yz#ol  used  to 
i^c&td^dspends  in  boscs  msmr  upon  or  is  related  Gosshmi  tof  from  the 
dependent  variable  which  goes  oa  the  left  of  the  equation,  m  place  m 

* 

equal  sign  {»)  between  the  tero.  We  should  be  cautioned  that  the  equal  sign 
ddbs  aean  that  the  dependent  variable  is  equal  to  the  literal  syshol 
used  to  indio&te  function  tines  the  contents  of  the  j^renthesie  in  fee 
mm  manner  that  3(5)  mem  3  time  5,  Tm  sgra&olegy  •tf(z)  should  all 

be  considered  at  one  tine  in  determining  its  maningj  which  is,  southing 

/  fc 

is  a  function  of  whatever  is  indicated  within  the  parenthesis,  patting 
the  above  information  together,  m  should  be  able  to  see  that  the  fast 
tray  of  expressing  the  fact  that  the  money  is  a  function  of  the  quarters 
in  our  pocket  1st 

a  *  *(<i  )  -  which  simply  aeons  that  the  amount 

of  nemoy  in  our  pockets  is  a  function 
•of  the  number  of  quarters  that  wo  have 
in  our  pockets. 

In  the  second  ease,  where  vo  had  quarters,  dines,  and  nickels,  we 
could  use  the  eyehole  n  for  money  in  dollars,  <g  for  the  nucher  of  quarters, 
d  for  the  matter  of  dteoa,  and  n  for  the  number  of  nickels  and  easily, 

Z  hope,  see  that  re  con  rrito  the  relationship  in  the  following  cantor  t 

a  "  f(q,d,n)  -  nooning  that  the  eonoy  in  our  pockets  is  a 
function  of  tho  number  of  quarters,  dines, 
and  nickels  that  re  have. 

Notice  that  so  far  re  have  only  said  that  "2(  )  indicates  only  tho 
fact  that  a  dependent  variable  is  cosshor  related  to  an  independent  variable 
or  to  Independent  variables.  Wo  have  not  shorn  tho  essst  relationship 
bopauso  re  snot  first  of  all  got  used  to  looking  at  'tho  sp3>o2ogy  and 
realising  that  it  neons  that  southing,  which  wo  will  call  tho  dependent 
variable,  in  #  function  of  or  is  ecsshor  related  to  cacti*  rare  cthsr- vari¬ 
ables,  which  we  will  call  tea  independent  variable  or  variables,  feeesher, 
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now,  that  fee  symbol  indicting  frsstiea  &m  to  asgr  literal  sycSjol  that 
w©  want  to  us3«  Thus  fe©  spibols  £(  ),  g(  ),  H  ),  3(  >*  &<  )>  «*>•*  ^11 
jssaa  fee  E5£s  thing*  EsmLy,  that  eocsihing  is  a  fuaotica  of  the 
independent  triable  indicated  by  the  eysbol  within  fee  psysnfeasls* 
likewise,  f(x»y}>  g(x,y) ,  F(x,y),  ate.,  all  ssss  fee  case  felngj  sassaBy* 
that  something  is  dopssdent  upon  the  values  of  fee  variables  indicated  by 
fee  symbols  x  and  y. 

How  feat  we  know  -feat  t(x)9  g(x),  etc.,  only  sa&ns  that  ecsjothing 

is  dependent  upon  fee  value  of  fea  independent  variable  x,  we  ©an  begin 

to  wonder  what  fee  exact  relationship  is*  It  should  be  intuitively 

* 

obvious  that  we  aunt  know  fee  oxaci*  relationship  before  wo  can  doterrdrt'j 
any  values  of  fee  dependent  variable  regardless  of  how  each  wo  know  about 
the  independent  variable.  For  exss^le,  all  wo  know  so  far  in  the  coney 
case  is  the  ^  fact  feat  fee  aseuat  of  coney  is  coash ow  related  to  fee  nunber 
of  quarters.  Froa  experience,  wa  know  feat  four  quartern  ere  fee  <*a eo  as 
one  dollar  so  wo  can  write  fee  following* 

n  "  ,25’q  (That  is,  for  every  quarter  we  have  in  our  pookots 
w»  have  ,2$  dollars)*. 

Then,if  we  had  10  quarters,  wo  would  substitute  feo  meshes*  10  for 
fee  literal  .crater  q  and  wo  would  find  feat  conoy,  in  dollars,  equals 
2.50.  Going  back  and  putting  feo  data  into  functional  language  we  would 
have* 

a  *  ffq)  whore  f(q)  «  *2£q  <*>  That  is,  coney  is  a  function  of 

ths  nusber  of  quarters  and  the  exact 
relationship  is  ,2$  tices  the  nua&er 
of  quarters.  -  h.,i  .’n 

Once  given  feo  relationship  of  a  to  q,  wo  would  place  within  feo 
parenthesis  feo  value  of  q  feat  wo  wanted  to  solve  »  for,  and  would 
substitute  this  valua  for  fee  independent  variablo  syxbol  whprsver  it 


h? 


sheared  Jja  the  equation  wtsioh  gives  the  eaaot  relationship *  Taos-,  if 
w©  assu&s  that  vq  have  10  quarters#  w®  proceed  as  £<*new?5? 

ap  f{q)  »  .20%  find  t fee  v?2u©  of  a  for  f{10),  2a  other  words 
solve  for  f (10)  •  Tbsa,  substituting  In  the  &&&3g  10  vfceraver  a  q  appear# 

©s  would  gets 

a  «  £(q)  *  ,25(10)  *  2,$> 

How  getting  along  a  little  bit,  m  will  go  to  the  qaarterg,  dims* 
and  nickels  ease*  We  can  write  this  function  statement  ass 

b  «  £(q,d,n)  a  ,25q  +  ,10d  +  ,05n  (TM©  Esans  that  the  assist 

of  coney  that  we  have  in  dollars  is 
equal  to  |  the  rossbea*  of  quarters, 
pins  l/lO  the  sussber  of  dims,  pins 
1/20  the  meteor  of  nickels,') 

Thus,  if  we  vented  to  find  the  value  of  four  quarters,  ten  dices  and  ten 
nickels,,  ve  would  write* 

a  B  f(q,d,n)  *»  ,25q  +  ,10d  ♦  ,05n  Solve  for  f(Ij,!0,10) 

Since,  by  convention,  the  numerical  values  within  the  parenthesis  arc 
interpreted  as  being  applicable  to  the  literal  nuabor  occupying  the  ease 
relative  position  in  the  parenthesis,  ve  substitute  i|  for  q,  10  for  d, 
and  10  for  n  in  the  function  equation.  We  can  sew  solve  tho  problea  as 
follows* 

a  ■  ,25q  +  ,10d  +  .05a  °  .20(h)  +  ,10  (10)  +  .05(10) 

*  1.00  ♦  1.00  +  .50  ■  2 .JO  km. 

At  this  tdJG3,ve  should  review  tho  fact  that  ve  can  use  aiy  litoral 
symbol  that  wo  wish  in  order  to  represent  tho  dependent  variable,  tho 
independent  variable  or  variables,  or  to  indicate  a  function,  Tho  only 
requirement  i j  that  v©  bo  consistent.  In  other  words,  ve  would  nst  want 
th©  symbol  x  to  stand  for  one  variable  one  place  in  a  problem,  end  for  a 
different  variable  in  a  different  place  in  the  sag©  problem,  As  aa  exanpLo, 
ve  could  have  ;jast  so  easily  written* 


y  «  f  ■  ^S.  ♦'  .103  *  J&atf&sm  ?  Stood  fO?  BSBB^ 

doSlaps*  x  afttoft  Star  -tbs  of 
stood  fey  &•  .%%£&&  c£  iissss,  and#  gtesd  £o? 
t&®  stssbe^  ef  ^cksls.) 

la  order  to  eastipa  tfeit  as  ssdcs’stssdisg  of  fesstiosa  hm  fe^sa  geMU 
you.  skoeM  stady  the  foHog&sc  protslesa  trtop  by  step. 

1.  a  •  f(y)  *  y*2  g©Xy©  £op  f(2) 

tharof&ro*  a  a  2  ♦  §  »  ij  km* 

2.  a  «  g(y)  *  y2  +  is  eolva  for  g{2) 
thopaforas  »  ®  (2)2  +  !j«li*®,lj®8  Ans» 

»  *y 

3.  y  *  £(x)  **  x  «  3  aiolv©  fop  £ (3) 
tfcarsf  oro*  y  *  3-3  °  0  Ana. 

k,  fe  »  f(x,w)  ■  2r  +  ira  +1  solvs  fop  f(3,li) 

therefore:  t  *  2(3)  *  lt(k)  *1*6*  16  Aas. 

$,  r  «  f(x,w)  *  3a2  *2x  +  w  solve  for  £(3,ii) 

therefore*  r  »  3(3)  *  2(3)  *  O4)  '*  2?  ♦  6  ♦  ii  *  Jj7  ^n3» 

6.  f  ■  f(a,a)  a  isa  eolve  fop  f(3*l6) 
therefore*  f  ■  (3)  (16)  »^8  Ana.  ‘ 

7.  y  18  f(x)  «  x2  +x  +  X  solve  for  f(s  ♦  1) 

therefore*  y  *  <x*l)2  ♦  (stl)  +  1  ®  x2  *  2x  *1  *  ae*!  H"  a^*3x  *3  Ana. 

4 

5.2  reactions  of  Ftcaatlona* 

It  la  norj  tlss  to  ©stood  om  knowledge  of  fn&ticna  to  IcoXtsia  finding 
the  valua  of  the  dopondont  variable  ebon  tho  independent  variable  is, 
itself,  dependent  tspon  a  third  variable,.  *0  Ulnstrat©  this  condition, 
say  bo  called  a  Bfanatiea  of  a  fiction,*  vo  rill  go  back  to  oar 
nosey  problea  end  aastrso  that  ro  fcavo  Only  nickole  fcst,iar  coso  cahaowa 
.•eacen ,vo  want  to  express  ©tsr  coney  a@  being  a  Xni'atdoa.of  quarters  ale:;® 
and  not  garters,  dtora,  and  nickels*  Wo  nil!  acstse,  therefore*  t tz%  m 


can  consider  5  nickels  as  one  quarter.  How, in  compliance  with  the 
restriction  that  we  placed  on  tfaa  problem,  we  can  ea j  that* 
a  *  f(q)  “  ,25q 

Rasssnber  4 though  ,that  the  value  of  q  depends  upon  the  number  of  nickels 

that  ws  have.  Knowing  this*  we  can  write  a  function  statement  as  follows? 

q  “  g(n)  {We  could  have  just  ag  well  need  £(n)  but  g(n)  wsa 
used  to  avoid  confusion  that  could  have  resulted 
later  on.) 

Since  five  nickels  are  equivalent  to  a  quarter,  wa  can  indicate  the 
asset  relationship  as* 

q  “  g(n)  ■  .20n 

Continuing  to  assume  that  ws  only  have  nickels,  it  follows  that  what  we 
really  want  to  do  is  solve  the  equation? 

a  *  £(q)  *  .25q  for  the  value  of  q  *  g(n)  »  ,20n 
Therefore,??®  my  substitute  g(n)  in  the  equation  wherever  q  appears 
and  we  find  that? 

m  •  .25  (g(n)),  but  in  this  case  g(n)  is  equal  to  ,20n,  so  we  get, 
a  **  .25  (»20n)  **  ,05n 

Acerauing  that  we  had  15  nickels,  we  can  state  that  the  dollar  value  of 
our  money  would  be  .05  times  15  or  .75,  which  is  also  intuitively  obvious. 

How, if  ws  want  to  expand  this  example  still  further  to  include 
quarters  and  dimes  as  well  as  nickels,  with  the  same  stipulation  with 
regards  to  expressing  a  in  terms  of  q,  we  get  the  following  equations? 
a  *  f(q)  »  ,25q 

q  ®  h(q,d,n)  *  q  +  .hOd  +  ,20n  (Hots  that  we  have  said  that  q 
is  a  function  of  itself  and  that  we  set  the  relation¬ 
ship  as  one  to  one.  This  cakes  sense,  doeen#t  it?) 

As  a  prdbleathis  would  probably  be  stated  as  follows? 


/ 

/ 
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n  «  f(q)  «  .2$q  and  q  ■  h(q, d,n)  solve  far  f{q)  given  that 

wo  have  Ii  quarters,  10  diises, 
and  10  nickels 

In  this  case  we  proceed  as  follows* 

1.  Substitute  h(q,d,n)  in  place  of  q  In  the  exact  relationship  and 
get  a  •  .2$(fc(q,d,n)) 

2.  Replace  h{q,d,n)  with  the  exact  relationship  q  +  i<Od  *  .20  n 
and  get  m  »  .20{q  *  J*Od  *#20n) 

3.  Put  in  the  values  of  q,  d,  and  n  and  ws  get  a  ®  .25{1|  *  .1*0(10)  + 

.20  (10))  *  .#(h  *k*  2)  **  .2jj>(X0)  »  5.50  Ann. 

We  also  have  a  function  of  a  function  when  we  determine  (or  attempt 
to  determine)  the  value  of  the  dependent  variable  for  a  value  of  the 
independent  variable,  where  the  value  used  is  dependent  upon  the  same 
independent  variable  as  the  original  dependent  variable*  In  order  to 
simplify  this  apparent  talking  in  circles,  1*11  indicate  what  is  ssaant 
by  an  example. 

Assume* 

y  ®f(x)  «  ■‘ry— *  solve  for  f(w)  where  w  *  f(x)  »  x  *  1 
Remember,  now,  that  f(x)  indicates  only  that  y  and  w  are  both  functions 
of  x.  It  does  not  Indicate  that  they  are  equal.  In  fact,  they  are  not 
equal.  Solving  the  problem,  we  get* 

y  "  -JLtJL-  but  v  **  x  +  1  so  we  get  y  «  a  JLlJ; 

W  X  *  1  X  ^  X 

5*3  Domain r 

Having  seen  how  functions  work,  we  most  think  about  the  range  over 
which  the  exact  relationship  holds  true.  This  range  is  called  the  domain. 
A  rather  simple  example  would  be  the  case  of  the  salesman  who  receives  a 
commission  of  10$  on  all  sales  under  #1,000*  and  a  comadssion  of  #100. 
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plus  1 $$  o£  i&Q  price  in  excess  of  $1,000,  on  all  sales  orsr  #1*000.  Vs 
could  vrlfcs  his  eossigsion  echedtjls  then  am 

C  *  f(S)  *  .10  S  shere  C  stands  for  eessdssiea  and  6  for  gales 
It"  is  trse  for  the  range  e?  domain  of  0-41,030* 

0  *  f(S)  *  gLOQ  *  ,10'  (£-1,000)  2rue  Is  the  dn^aia  of  over  $1;000. 

Sfe  can  see  that  tfea  relationship  befereea  the  ease  vatdeblep  vac 
different  is  Wo  areas  of  sales,  Has  area,  vhere  each  holds  true  is  that 
function  *e  desalt. 

Before  progressing  to  the  next  half  of  the  chaptjjr,  nMch  is  oa 
graphs,  the  student  should  vsrk  through  the  following  exiles  and 
prcbless. 

Examples: 

1.  y  *  F(z)  *  x2  *  5s  *  3  solve  for  a.  F(3)  b.  ?(£) 
a.  7  -  (3)2  *  £(3)  *  5  -  9  *  IS  +  3  «  27 

h»  y  -  (5) 2  *  5(5)  *  3  *  25  *  35  +  3  ”  *3 

2?‘  a  «  G(a)  «  5a2  +  ba  *  3  solve  for  a,  S( 2) ,  h.  0(3} 

a,  a  •  5(2)2  *  b(2)  +  3B20*2fe*3°23  +  2b 

b.  a  «  5(3) 2  *  b(3)  *;«ii5  +  3b»3Bk3*3b 

3.  y  *  f{z,w)  ■  x  ♦  ir  find  a.  f(2,3)  b.  £(3*h) 

a.  y  »  2  +  3  *  $ 

b,  ya3’f,ii°? 

h,  t  a  £(g,sr)  *  x2  *  x  *  w2-  1  find  s,  .£{2,3)  b,  £(3>ii) 

a.  t  «  (2)2  *  (2)  +  (3)2  -  X»h*2  +  ?-  l  «li| 

b,  t  *  (3)2  *  (3)  *  ;&)2  -1»?  +  3*16-X«27 
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$,  a  *  f(x)  »  Find  a.  *{x+l)^(x)  b. 

s*  31“  2(^1) -1  -  2(x)-l  *  2x*2~l-2x-I  «*  0 

b,  a  «  2(x«-3)-l  *  2(x~l}-!  «  2£*6~X+2£»2~’L  58  lye  *2 

As  you  can  see  this  la  sersly  &  problaa  of  colTing  £o?  oss  relxts 
ox'  the  independent  variable  end  than  another  wslca  sad  than  psrf orsstsg 
ths  algebraic  operations  called  for, 

6*  ya  g(x)  a  x*£  and  t  ®  h(x)  bz2-3  Fisa  *«  b.  MIL- 

ms)  m) 

a.  z.2S~~  »  -5— •  -JL.  *  4. 

t  (50^3  25  -  3  22  n 

fctt  2  w  k  li„  B  ?_  ,.r  „  JL»  m  JL 

t  {6)2-3  36  -3  33  21 

?•  7  *  g(*)  *  and  t  *  h(s)  *  2?*2jx> 1  Find  e,  g(3)  *  h(£$) 

b.  g(3)  -  h(2) 

a.  y  +  i  *  (3)2  *  2  +  (&>5  *  «(li)  -  1  *  6  +  8  *  22  *26  -1  *  Ijl 

b.  y  -  t  »  (5)2  +  2  -  £{2)3  ❖  fc(2)  4J  ■  25+2  -  fVS-ij  *  2?-X£  *  22 

8.  g(x)  **  ac2  *  it  asd  b(4  *  3  +  x  F5M  s,  gfkfejj  b»  fejg(x)J 

a,  jh(x£]  2  *  Jj  *  pj+x]  2  +  ij  *  s+6x  *:e2*!$»X3*6x*;e2 

b.  3  *  £g(x)J  2  •  3  +  (x2^)2  e  3*2h&&*3£r 

9c  g(x)  *  x2  *  13  and  Js(x)  ®  6x^  *  £x  *  3  Press  §(jr)  m  >.{2) 
g(7)  *  (7) 2  *  12  *  U9  *  22  «  61 
h(2)  «  6(2)3  +  $(2)  *  3  *  2(6  +  20  «*  3  *  6l 

20*  If  s  *  f(y)  ■  £j~JZj2£  sal  y  *  g(r)  a  x  *  1,  esqsross  s  in  teres  of  x, 

r  3(g»D2  -  12  3(s2  ^n)  -  22 

**  (s*l)  *2  *  x  *  3 
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Problems. 


1,  K?#  £{2)  *  3^*5s:  **5,  solve  for  £{3) 

A  5^c  2L 

2.  If  3  *  £(x)  *  $  solve  for  £(&} 

X** 

Ans,  1/2 

3,  If  t*  g(y)  *  y2  *  7  ^  2,  solve  for  g(£f) 

Ass,  2y  *  2 

li.  If  t  *  g{y)  *  5^,  golve  for  g(y) 

/-I 

Aas, 

^,»x 

n  A 

Pc  If  a  *  £(n)  »  a2  *  n,  find  £{2° 1)  -  £(») 

&S».  1 

6,  If  s  »  £{y)  *  and  y  «  f  (x)  “  x  +  3, 

escregs  s  ixs  terss  of  x 

Aes,  g  **  «iLj^ 

7.  2£  s  »  £{y)  »  y  +  3y2  end  »  *  g(y)  *  y  +  1* 

Aas,  *  «*  3j^7y*ij 

find  £(jr)  3s  terss  of  y 

8,  H  s  "  £{y)  *  oolva  for  £{y  *  1) 

7*1 

A^a*  y 

?.  If  H4  *  £  *  Z  -  35  cad  G(s)  *  X  -  3> 

Ass,  Xes 

docs  Hh)  *&($)? 

1&.  If  Fte)  «  s2  ♦  18  and GfeO  *  -x3*  18, 

Ass,  Xos 

dees  F(-3)  58  8(3)  f 


0tk 

Grssshs  are  sot&Ssg  but  a  pictorial  esaas  of  g&sgtsg  the  v&Ltse  of  a 
sisals  variable,,  t&e  relaiicas&lp  betess  Wo  variables,  or  t&o  relatlea- 
ghips  asoss  three  variables*  Graphs  of  cars  than  tfereo  variables  are  aot 
arssm  because  caasot  easily  depict  t&sa  three  dissmions  and  ie 
graphing  oas  Ms^Mlcn  is  given  to  each  variable. 


y%. 


to  start  the  .digcassion,  m  will  agmsss  wa  want  Iso  show  only  the 


various  passible  values  of  a  single  liable.  All  ws  need  for  this  is 
a  straight  line  which  has  been  divided  fat©  equal  length  elements  ter 

j 

dividing  lines  which  have  been  numbered  in  an  appropriate  logical  jaanner.. 


By  appropriate  is  scant  marking  the  divisions  in  units,,  tans,  hundreds, 
eto,#  as  be^t  fits  the  situation  sad  having  rsinug  aad/or  plus  valpas^as 
necessary.  By  logical  is  .seant  starting  at  .one  place,  caHri  the  origin, 
and  marking  the  divisions  as  they  fall  in  sequence  distance  sway  fresa 
the  origin,  thus,  ye  don*b  have  1  nejst  to  -fee  origin  followed  by  3  and 
wiCB  2„  We  mat  have  1,  2,  3,  etc.  We  normally  label  the  straight 
or  axis,  as  it  is  coa^hly  called,  go  that  wo  will  know  what  wo  are 
sss&auring.  Soso  ©sauries  of  single  lias  graphs  nad  the  indication  of 


vardous  values  of  the  variable  &&  as  follows* 


Plus  and  sinus 


-««e  c 

‘/V  -it  -g  •** T  ^ 


. I  - 1 
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Tesperaturo  in°C 


Moos  only 
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*  Hinutos  to  a  Eocket«e 
Takeoff 


•w  -a  -to  -s  -i  -4  -a  o 


2n  order  to  show  the  relationship  bstwsea  two  vsr&ables,  cossjonly 
called  plotting  the  function,  we  sust  fora  what  is  called  a  oyotsa  of 
eoordizatog.  A  system  of  coordinates  sssrely  consists  of  two  straight  lines 
in  a  plane  which  cross  essh  other  at  right  angles  and  which  have  been 
divided  into  appropriate  divisions,  sMcb  arc  celled  coordinates*  There 
is  no  need  for  the  measurements  to  bo  sasse  along  both  axes,  3y 
convention,  we  rake  oao  line  horizontal  c&d  the  other  line  vertical, 
then  we  call  the  point  of  intersection  the  origin  end  assign  positive  or 

0. 


piss  nasbar  raises  to  the  eosrdiaates  or  divisions  along  the  horiseafesl 

axis  to  the  right  of  the  origin.  We  do  likewise  to  i^ie  divisions  along 

the  vertical  axis  above  few  origin,  negative  or  minus  vsluss  axe  assigned 

to  the  divisions  along  the  horizontal  axis  to  the  left  of  the  origin  and  to 

•fee  divisions  along  the  vertical  axis  beneath  fee  origin.  Repeating, 

these  values  assigned  to  fee  divisions  are  called  coordinates*  The  next 

consideration  is  fee  four  areas  or  quadrants  that  fee  two  axes  divide  the 

» 

graph  into.  These  we  number  from  X  to  IF  in  fee  following  manner,  The 
upper  right  quadrant  is  number  I,  fee  upper  left  quadrant  is  number  XT, 
fee  lower  left  quadrant  is  quadrant  XIX,  and  fee  lower  right  quadrant  is 
nufeer  IF.  Looking  at  Figure  5-1,  we  can  see  feat  in  quadrant  I,  both 
coordinates  are  positive,  while  in  quadrant  H,  fee  horizontal  coordinate 
is  negative  while  fee  vertical  coordinate  is  positive,  etc.  Along  with 
sagdersfending  fee  numbering  system  there  are  a  few  conventions  feat  wo 
Should  know.  First,  the  horizontal  axis  is  called  the  abscissa,  while 
fee  vertical  axis  is  called  fee  ordinate.  Second,  fee  absoiSss-'is 
usually  used  for  plotting  the  value  of  the  independent  variable,  while 
the  ordinate  is  used  for  plotting  fee  value  of  fee  dependent  variable. 
Third,  feat  for  a  given  abscissa  value  s  vertical  line  is  drawn  through 
that  abscissa  value  to  establish  one  line  of  constant  abscissa  value. 
Fourth,  for  a  given  ordinate  value  m  draw  a  herisentsl  line  through  feat 
value  to  establish  one  line  with  constant  ordinate  value.  The  last  two 
points  are  illustrated  in  Figure  5-1.  Normally,  we  do  not  actually  draw 
the  lines  but  instead  3ust  imagine  them  to  be  there. 

Again  by  senses tlcn,  when  giving  the  coordinates  of  points  we  give 
the  abscissa  value  first  and  then  th©  ordinate  value.  If  we  are  given 
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an  abscissa  value  and  an  ordinate  value  for  a  point,  wa  have  what  la 
called  an  ordered  pair.  Given  an  ordered  pair,  such  as  (2,3),  we  plot 
the  point  by  drawing  a  vertical  line  through  the  abscissa  coordinate  2 
and  a  horizontal  line  through  the  ordinate  coordinate  3,  and  where  they 
intersect  is  the  point  that  we  want.  This  little  maneuver  is  also  illus¬ 
trated  in  figure  $-2.  Similarly,  if  wo  want  to  find  the  coordinates  of 
a  point  on  a  graph,  m  run  lines  through  the  points  that  are  perpendicular 
to  the  two  axes.  Where  the  vertical  line-  crosses  the  horizontal  axis  is 
the  abscissa  coordinate  and  where  the  horizontal  line  crosses  the  vertical 
axis  is  the  ordinate  coordinate.  The  ordered  pair  coordinates  for  several 
points  have  been  shewn  in  Figure  2*  We  would  describe  point  A  as  the 
ordered  pair  (+3,  +2) ,  point  B  as  the  ordered  pair  (**2,  *3),  she. 

If  we  wanted  to  show  the  relationships  among  three  variables,  we 
simply  add  another  axis  to  the  graph,  the  third  axis  being  perpendicular 
to  the  plane  of  the  first  two  axes.  How  that  we  are  in  three  dimensions, 
a  specific  value  for  any  axis  could  lie  anywhere  on  a  plane  through  the 
axis  and  perpendicular  to  the  axis  at  that  value.  If  we  are  given  three 
coordinates,  and  asked  to  locate  the  point  represented  by  them,  we  can 
draw  the  three  planes.  The  intersection  of  the  three  planes  is  the  point 
that  we  want. 

How,  knowing  how  graphs  are  drawn  and  developed,  we  can  get  into 
the  plotting  of  functions.  To  plot  one  relationship  between  the  dependent 
variable  and  the  independent  variable,  we  need  to  solve  the  function 
equation  with  a  selected  value  of  the  independent  variable  in  order  to 
get  the  dependent  variable  value  and  thus  have  an  ordered  pairw  .Obviously, 


-^vq  coox'dJUstts  for  fee  independent  variable  will  be  fee  ‘vslss  S3 
substitute  into  fee  ecmtion,  while  fee  coordinate  of  fes  dependant 
variable  w&ll  be  fee  result  of  substituting  fee  independent  value  isto 
fee  formula.  Kneeing  fee  coordinates,  all  we  have  to  do  Is  draw  mar 
horizontal  lin«  through  the  ordinate  coordinate  sad  ©ur  optical  lias 
throng  fee  abscissa  coordinate.  For  .exaciples  If  we  know  fee  iislopesdent 
variable  is  It  and  fee  dependent  variable  is  6,  we  draw  &  Xiz©  perpsj^isSlar 
to  fee  independent  variable  axis  at  It  and  a  line  perpendicular  to  fee 
dependent  variable  axis  at  6.  The  point  at  which  they  cross  is  fee  point 
sre  are  looking  for.  How,  if  we  continue  to  datsmSao  ordered  pairs  and  to 
plot  fees,  me  will  get  a  series  of  points  feat  could  be  connected  together 
aosahmr.  If  we  assures  feat  fee  function  is  continuous,  feat  is,  feat  fee 
independent  variable  can  have  any  value  wife  the  functions  s  domain,  we 
can  connect  fee  points  wife  a  solid  line.  Then  we  can  determine  fee 
values  of  fee  independent  and  dependant  variables  feat  rake  ordered  pairs 
by  dropping  perpendicular  lines  to  the  axis.  The  shape  of  fee  line  will 
depend  upon  fee  function  plotted;  fee  reasons  for  fee  differences  will  be 
taken  up  in  later  chapters.  If  the  variables  can  only  assume  certain 
values  within  the  domain  of  a  function,  as  an  example,  assume  feat  only 
whole  nufeer  values  can  be  assigned  to  fee  independent  variable,  we  have 
feat  is  called  a  discrete  function.  We  cannot  ’’legally®  connect  fee 
points  wife  a  straight  line  but  we  could  plot  several  points  and  connect 
fees  wife  a  broken  line  and  than  read  off  values  of  fee  dependent  variable  • 
for  values  of  fee  independent  variable  which  can  be  assuesd. 

To  plot  a  graph,  fee  first  thing  to  do  is  draw  up  a  table  feewing 
the  values  of  fee  independent  variable  to  be  considered  anu  then  determine 
fee  corresponding  dependant  variable  values*  Then  we  would  plot  fee  ordered 


pairs  c  As  an  exssple,  let*  5  dra w  for  the  function  7  *  i(x)  sx+3 
and  another  function  where  7  *  f(x)  55  2^  +  3»  The  first  thing  to  do  is 
to  draw  Tip  tables  aiadlar  to  the  ones  below,  Then  plot  the  points  as 
shown  in  Figaro  £-3. 
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Oftentims  as  we  are  plotting  a  graph  of  a  function,  m  notice  that 
the  curve  cseas  to  abroach  a  certain  Talus  of  one  or  the  ether  of  the 
■variables  but  just  never  seess  to  reach  that  value*  As  m  example, 
consider  the  graph  ef  7  ®  f(x)  a|  as  has  been  done  in  Figure  5*4$. 

Notice  that  the  curve  approaches  the  7  and  x  axes  but  that  it  never 
quite  isakes  contact.  Lines  such  as  the®®  are  referred  to  as  asygatotss, 

•nwaiwft  amm  uimwi 

In  our  function  y  B  I}  the  place  of  contact  would  m  at  x  *  <0  when 

x 

7  *  0  and  y  “  CO  when  x  “  0, 

Sine®  the  drawing  of  three  disensAonal  gratis  is  a  lengt&y  process 
and  results  in  a  perspective  problem,  no  illustrations  of  three  divisional 
graphs  will  be  given.  However,  all  ws  really  have  to  rejssciber  is  that  we 
would  be  working  with  planes  rather  than  lines  and  that  it  takas  three 
coordinate  values  to  obtain  a  point. 

The  student  should  now  plot  graphs  for  the  following  functions. 

B7  using  ordered  fairs  other  than  the  ones  in  the  answer  eolum  and 
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6*1  Introduction* 


Batsmens  op  m  fust  mshb 


Ajj  algebraic  equation  is  s  safessaiieaX  statement  tb&t  bsss 
algebraic  expressions  are  equal.  The  eysibeX  *  *  is  used  to  express 
this  equality,  a  +  fe®o*disaa  ©patios  scald  literally 
repyessat  the  equality  h  *  3  a  $  *  2* 

Equations  are  classified  by  degrs®,  first  degree*  second  degree* 
and  so  on.  The  degree  corresponds  to  tbs  tern  of  the  highest  power  is 
fee  equation. 

x  +  6  *  10  is  an  equation  of  fee  first  degree, 

2?  +  bx  +  Z97i8m  equation  of  the  sseeM  degree* 

4  2a2  »  Ii2  is  an  ©patios  of  fee  fifth  degree* 
since  a2b^  is  a  fifth  power  tern. 

Algebraic  equations  are  farther  generally  divided  into  tsc  types* 
fee  Identical  sanation*  or  identity*  and  the  conditional  section*  The 

m  h  miwiiiw  ^uji*»«aa»mg»yiu»wiiiii  *m*Mrm**n*rmmji*  r ,  a£mn«imwv*rt^>»i*'Mwxiom4:*ia’>vu* 

identical  equation  is  true  for  all  psrs&ssible  values  of  fee  letters* 
MPeraissiblen,  in  this  case,  sss&na  values  of  fee  variables*  which  when 
substituted  in  fee  equation,  result  in  both  sides  of  fee  equation  being 
defined.  The  conditional  equation  is  only  true  for  particular  values  of 
the  variables.  These  particular  values  m  call  roots  or  solutions  of  fee 
equations.3-  The  following  are  illustrations  of  identities* 


ipr 


*  3C^ 


%ay  Bublseh,  Vernon  E»  Howes  and  Staves  X.  Bryant*  Intsrrasdl&ts 
Algebra  (Hew  fork,  London*  JToha  Wiley  &  So m,  2m»,  x960)TW^J^^ 


tha  sresl  proof  that  SSgebrsis  cystica  S3  «s  identity  is  tl»t 
ty  sis^slif icatioa  each  sida  of  the  *qtsitien  oca  bs  redSEed  to  the  «ass 
£5§?sc$io3  33  shorn  Both  fibers  .end  hslcz. 

•  •*■  6agr 

%3?  *  6sy 

ksr  *  $&% 
h£  &  6isy 

The  ststent  should  verify  for  bisgel?  i&at  t&s  jsbe?s  dsfijgLtioB  of 
3a  identity  holds  trss,  -feat  is,  thst  S&e  aquation  IgralM  far  all 
possible  values  ©f  the  variable* 

6.2  ggratloas  of  -tea  first  Searsa. 

In  this  chapter  tso  ©ill  ts£s  Bg>  the  of  H»  selntden  of 
conditional  cijsstioag  of  th§  first  degree,  Jftar  t?e  bseosa  proficient 
is  tide  operation  «©  sill  loam  to  grajsh  o^sati&ss  of  i*ao  first  degree 
ca  coordinate  asss*  For  rtasmss  of  sisplifi^gts-oz^  50  sill  rsfor  to 
identical  equations  as  identities  and  to  ohaditicssl  equations  sdsgjly 
as  equations. 

The  student  probably  recalls  learning  the  sritbsstle  sjfltiplisatioa 
or  nt<iK53s  table  la  elesontary  school,  Ferhepa  this?  ©33  ear  first  brash 
vith  an  arithmetic  identity. 


*  Eg?  *  l&t^r  t  633s  .  * 

C t  PTr.msrmummmvmm*  wfw*”  JC  W 

2x  t  y 


hJ&tMAisaffi 

4&g-^'  y)~ 

2x  (&  *  3y> 


£s  algebra  sSbsbitnfce  letters  fs?  assss  e?  ^s3.X  $£  tbs 

Esthers  gad  W£  ferrs  as  gqbatisn*  SsSss  for  exssple  tee  oqsgticcs 

2?  »  £ 

3y  *  12 

To  solrs  the  ec-sstleas  abor®  far  x  «sd  y>  ss  srrtild  singly  divide 

both  sidss  cf  tee  first  equation  iy  ?. 

2x  •  B 

~  1 

x  **  k 

find  bote  sidsg  tbs  second  equation  by  3, 

37  “  12 

£  ^1 

3 


la  fiKltfesstdUs  vs  mmld  ham  sab  sa>  tele  jcoblca  by  mping 
paapsctivaly*  vhsfc  msse?  i??»»  KtfLtdpllad  by  2  eqssle  0  and  *&ab  acafeer 
«&30  KSliiplied  by  3  eqaals  12?  2a  algebra  go  sdsply  stesfcltsta  5  letter 
for  tee  uak&enm  and  then  ©stress  the  relationship  as  aa  equation* 


Problea. 

If  I  Eoltdply  a  ma&sr  by  2#  then  add  h»  W  snsssj?  is  10.  Ubat  is 
te®  ms&ey? 

If  1?©  Xefc  z  stand  for  te©  taksoim,  the  problem  can  bo  aspreesed  ®s 
follows t 

2s:  ♦  &  *  ID 

One©  you  have  an  eqaatio a  grossed,  the  solution  is  found  by 
Ksnipnlatliig  the  equation  sntil  tea  nalo»mss  in  tee  above  ease  zt  is  os 
s»©  adds  of  tee  sqasfeion  alone*  ¥0  then  have  solved  te®  equation,.  The 
aaalpnlations  2  refer  to  are  tee  fundamental  processes  of  raltipSying, 


6£>. 


V  »WHW»  •****»>**  <o«*t *«>*»»  «MVl 


-sfc-^v 


dividi5£2  £«a£g*  md  SfefeSatiSg*  2&3  f\S&2SX«tca 
fee  ^Uc-stLcs  a£  t&ese  proeessa*  is  feat  pisses  cafe  side  xsf  IS©  agasi&os. 
is  0532I  to  fes  ofee?^  fees-sqrfeisg  feat  $a  do  fe  ass  £f  fee  egsatfea . 
*g  asst  also  do  £$  fee  crfesr.  2s  feo?&  ^ssss^  fesa,  if  s^  &$f£x «s  a 
first  degree  c^fetios  to  solva,  se  seyfc  fesarda  gettiaggs?  efesssa  islet#  , 
oa  css  side  of  fee  eea&iloD  ide&tissX  presses  to  bofe 

sides  of  fee  e^sabioa.  Hfeen  sofldBg  sife  exjsatle&s  of  aaj  3dasL»-  fee 


efedaisfc  East  alssys  rssssfeer  feat  %xgtlaiB3  «e  do  to  css,  g&fe  of  tits 

S  wjwftrt  m^mtmSmstm  maamsomp+mf&9»mM*B**9*sc»aaaicw/t¥a*ttim0*t0i 


h&ssme  fee  sides  are  ®g§al. 


Heir  lei*  a  solvg  fes  above  eeastioa* 

2k  *  £  «  30 

He  Bill  first  sfefeaet  It  fres.  bofe  sidaa  of  fee  e^&tiea*  He 
fees  get 

18  6 

Then  m  divide  both  sides  2, 

Tims  ££  a  §. 

2  2 

s  *  3  Ads* 

Because  of  fee  great  iqxsrfcaaeo  of  this  topic  solved  problems 
ossd  ossreisss  ars  provided. 


Ejssj^jIqss 

Solve  fee  foUoaisg  for  fee  ssknesm  variable* 

1.  3z  *  36  «  2x 
3s  «•  2s  *  **36 
s  »  *36 


$ 


2.  2s  »  5x-100 
2s  *  Jx  *  **100 
-  3s  B  *400 
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h .  x  *  2  ®  10 

thea  by  squaring  both  sides 

/S"T”|  »  xoo 

s  *  100  -  2  »  f8 
s  ■  £8 


There  are  a  couple  of  short  outs  that  the  otodsnt  should  ^l«k2y 
casw.  In  the  equation 

3s  *•  9  **  6, 

the  first  step  la  the  eolation  Is  to  add  *?  to  both  sides.  Since  the 
student  is  sorkSns  to  got  tho  atedsers  on  one  side  and  &  as  the  other* 
the  above  operation  can  be  looked  tpoa  as  ts&risg  the  «9  frost  oaa  side 
of  the  equation  to  the  other  sod  mkittg  it  a  *f» 

3x  <*  9  *  6 
3x  *  6  *  ? 


67. 


Sifsilarly', 

%.  *  9  u  2ii 
3x  “  2 h  ~  9 

la  shear t,  11  «s  nove  a  nssbsr  fS*es  esc  sSd©  of  the  equation  to  the 
othsr,  so  change  Its  sign.  fhs  operation  is  idsnfcic&i  to  adding  or 
extracting  the  mm  nuXer  frosi  both  sides. 

Si*dlarly, 

3s  «  $  •  6 

3x  »  6  +  9  *  IB 
3x  -  15 

the  next  -step  would  be  to  divide  both  ©idea  by  3 


This  is  identical  to  soring  the  3>  which  is  a  ssltlpliar  on  the  left 
side,  and  isal&ng  it  a  divider  m  the  right  side. 


3x  -  2!i  «  9  »  15 
3x  -  15 


If  this  is  the  student*©  first  acquaintance  with  this  process, 
take  as  ranch  tins  as  is  necessary  to  practice  the  above  operations  until 
they  are  known  so  well  that  they  will  never  *  be  forgotten. 


£• 


3&r  "  ii2  «*  2lix  ♦  6 
36x  -  2lix  »  1<2  *  6 
12x  *  i|6 

x  “  ij8  “  li 
12 
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6 


6  • 


fx  *  6 

x  E  36 

Solve  for  a* 


be 

amm 

d 

a 


1 

«  *» 
a 

“  B 
be 


Solve  for  c  in  the  a' 

a  ®  d 
$c 

C  “  d 


on. 


6  (  2  v  2) 
6x  +  12 
6z  -  3x 
3x 
x 

it  (a  —  12) 

Jia  -  ii8 
6a 
6a 
a 


*  3  (x  +  8) 

*  3x  *  2lj 

■  2fa  -  12 

■  12 

■  ii 

■  -2  (a  -  3) 

®*  -2a  +  6 

*  1^8  ♦  6  "  £ij 

■  $h 


•  1 


10.  Solve  for  z  in  terjso  of  a,  b  <md  e, 

fog  ♦  &  -  b 
c 

foe  +  a  -  b 
hx 

X 


»  e 

®  c  *  b  -  a 
»  c  +  b  —  a 


* 


H.  Solve  for  ru 


"I  (3  2 

x  *5 


*  3 


1 

1 

fn 

Q 


fF 

*  9 

*  81 


12.  Find  x  in  terms  of  the  other  variables. 

y  +  g 

*  2xs  °  x  +  y  +  2 
x  ~  2xs  "  2^L~  -  y-  s 

Than  factoring  out  the  corsson  term  x 
x  (l  **  2z)  °  **  y  *•  £ 

i  (i  -  a>)  -  .  t-» 

2  2 


zLjLL 


y  +  z 

IB*MTl«l— flMII 


2  (  1  -  2a)  2  (  2s  -  1  ) 

Exercises * 

1.  Six  subtracted  from  two  times  a  number  is  equal  to  the  number  plus 
six.  What  is  the  number? 

Ans*  x  *  12 

Assume  that  x  may  represent  any  real  number  for  which  both  members 
are  defined  and  classify  each  of  the  following  as  either  equations 
or  identities. 

2.  2  (x-3)  *  5  *  3  (x~2)  +  5  Ans,  Equation 

3.  6x+li~2  »  (6x  +  2  Ans.  Equation 

lu  (5x~55)  (3x2  ♦  7x)  «  5Z  (3x+7)  (x-H)  Ans.  Identity 

3'.  (9x2-36y2)~(3x«6y)  ®  3x  *  6  Ans.  Equation 


^SSSBBBase^Kie^- - . 
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Solve  fox*  x  in  teas&  of  tho  other  variables 


6.  ZJL!  *  5 

nr 


8.  Solve  for  y 


ASS* 


Ass* 


Aas. 


folve  each  of  the  following  eq®atloas,if  possible  $jea 
check  the  result®. 


9. 

y  +  2  ®  7 

Aes. 

y  ■  5“ 

10. 

2r  ^ 

Ass. 

r  a  i 

n. 

2t  -Si 

r  ”  r 

Ana. 

t  ®  »  6/5 

12. 

3a  »  5  ®  2a  +  5 

Ass. 

a  **  10 

13. 

3s  +  2  "  3a 

A  as. 

^possible 

Hi. 

15. 

h  f?-3  “  h  +  1 
&  *  3  +  3x  „  s 

Ass. 

Ans. 

h  •  h/(fJ  ■ 

x  *  l/3 

2  x  -  1 

16. 

Smmimw  0  — -  jLmwJi 

y^**2y  y «  2  y 

Ass. 

y  -  5 

17. 

-L.  .  1  .3 

x-1  Si«3x  6x-»8 

Ans. 

x-  7/5 

Set  up  equations  which  expr ®m  each  of  the  following  conditions. 
Solve  thsa  if  yon  can. 

18,  Twice  a  nusber  n  is  equal  to  the  number  ii&srssussd  by  5>. 

Am*  n  ®  5 


19.  A  nwidbar  x  is  5  core  than  a  nusbor  y. 

Ana.  x  »  y  +  £ 
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/ 

20,  te  or 


&  ,  b 


(a  +  b)  e  *  ^  + 


Ana.  True 


21*  tzua  or  Falsa 
e  -r  (a  +  b)  ° 


2  * 


$ 


&ns.  False 


22=  Sol*©  for  g  da 
S  *  £  g  s  2 


A  ns.  g  ”  «* 

?• 


23.  Solve  for  e  and  then  solve  for  g  in 
T  -  S  TT  i/S* 

?  S 


^,2 

A  ns.  e  *  Me** 


g 


IfTT^ 

.  aft 

?2 


2b,  Solve  for  P  is 


111 
«*  o  —  «r  *«* 

F  ?  Q 


Ana.  P  “  SS- 

Q-? 


25»  Solve  for  T  in 


+  SB  *  \£~zJL  +  fJd 
<  V  3  ps  !  iipqrr 


Ana, 


X-  * 


6.3  Word  Problems. 

Wow  that  ve  have  learned  the  basic  tschniq;«g  of  solving  linear 
equations,  ws  are  then  able  to  use  the®  in  tlse  solution  of  practical 
problems.  Our  basic  approach  will  be  to  select  a  certain  variable  that 
is  being  talked  about  and  then  express  this  i&  literal  tersa  as  x,  y,  a, 
t  and  so  on,  Then  we  should  analyse  the  problem  to  determine  what  is 
equal  in  the  problem.  The  next  step  is  to  write  an  equation  in  tones  of 
the  literal  variable  for  the  equivalent  expressions.-  The  next  stop  is  to 
solve  the  equation  for  the  variable.  We  then  will  have  obtained  tie 


?2, 


asssty  dasi red.  rfcsrs  remiss  tfess  only  tea  task  of  substitutin'  the 
snsssr  back  let*  the  espaticn  to  chock  the  solution.  «rivit  s??  rav:-  just 
discussed  sill  t=scoss  sesfa  clearer  after  se  solve  a  few  of  the:«c  problems. 


Ez^slcsj 

1*  k  nxszbz?  when  saltiplied  by  2  sr<3  teen  added  to  15  is  equivalent  to 
eix  tins  a  the  nuaber  subtracted  froa  55, 

Lot  s  a  the  cash sr 

Then  the  equation  that  wo  css  writ©  •=sfeloh  ex^essss  te® 
problea  In  algebraic  tsrES  i3i 

2x  +  15  **  55  *  ok 


Then  solving  for  x 

Sx  “  hO 

x  a  5  =  the  nuaher. 

The  solution  is  checked  by  substituting  tee  value  of  x  into  tee 
original  equation.  In  this  cage 

2  (5)  ♦  15  «  55  -  6  (5) 

2$  a  25  Solution  is  eo3s*est. 


2.  What  are  the  dimensions  of  a  cornfield  whose  length  is  twice  Its 
wiate  and  whose  purine ter  is  equal  to  600  feet? 

Let  v  *  the  width  of  the  field 
Then  2*t  *  the  length  of  the  field 

Since  the  perir%t»ter  of  s  rectangle  is  equal  to  tan  times  tee  length 

added  to  two  ti v&n  widto.  get  "~ 

2w  *  2  (2st)  »  600 

fe  *  500 

??  *  100*  **  width 

2»  *  ?QO*  *  1 


Checking i 

2  QOO’J  ♦  i  (£00)  ■  600 

600  *  600 


Solution  is  correct. 
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3«  Two  cities  A  and  3  are  located  100  idles  apart*,  A  c  m?  leaves  A 
headed  for  b  traveling  at  20  adles  per  hour.  Another  car  leaves  B 
headed  for  A  at  the  same  time  that  the  first  car  left,.  This  ear  is 
traveling  at  30  miles  per  hour.  Where  will  the  ears  pass  one 
another? 

It  is  often  helpful  tc  draw  a  little  picture  to  describe  the 
problem,  A  D  100-D  B 


Remembers  Distance  ■  Rais  x  Time, 

Let*  s  let  the  distance  the  car  which  left  A  travels  *  D ,  Then  the 
distance  the  other  oar  travels  before  they  pass  one  anc  her  is  equal 
to  100  -  D.  Using  the  simple  formula  D  *  R  x  T 
Car  from  A  to  B  J3  ■  20  x  T 

Car  from  B  to  A  100-D  •  30  x  T 

We  cannot  solve  either  of  the  above  equations  separately  because 

% 

each  equation  has  two  wVnr.Tnrrildrx  •Y.h^r'.ver,  we  know  that  the  time 


which  each 

car  travels 

s  prior  to  p  '.coin  •  one 

another  is  the  same. 

me 

time  of  the  first  car  »  IL 

20 

The 

time  of  the  second  car  =  1 

30 

_D 

D 

xhen  Tgg  * 

100-D 

*”33 

*  . 

30  D  » 

20  (100  -  D) 

30  D  - 

2000  -  20  D 

50  D  « 

2000 

D  ■ 

2i0  adlea 

AdOO  31SV1IVAV 

100-D  - 

60  miles 

1S38 

Checkings 

D 

W 

_  100-D 

"  —33 “ 

hO 

100  -  liO 

*25 

— yr~ 

2*2  The  point  is  1|0  miles  from  A  and  60 

adits  from  B. 
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Ve  should  always  resss&sr  to  Safe  &  letter  &§&&■  sa  f@tsg®tfiS*thea 
t sy  to  deters&na  is&afe  is  sqssl  in  the  prcblm*  TMa  is  the  &#y«  Ones 
«9  bava  dstersdnod  what  is  «!£s&X,  ih®  «qmtioa  sad  its  goiati&s  are 
©lesssat&ry* 

Exer&lsese 

Solve  each  <xt  the  folXoviag  emcices  by  isfcrodusiBg  only  eaa  uskaosa* 

1,  Batsl  Jones  won  i$!i,QGO  in  &  W  cesba«bs  psb  asid*  #28*020  for 
taxes  on  the  laces©  sad  split  the  b*2aaee  vith  Ms  cm&&txs&  by 
giving  the  consultant  #10*000  Xsss  thsn  fee  Icspt  for  Massif*  Eos 
Eucfe  did  he  give  the  consultant? 

Am*  Paul  Jonas  kept  |23jG£K)  and  gays  Ms 
consultant  §13*0 00. 

2,  Tbs  earn  of  three  consecutive  integers  is  10>.  Had  tbs  sssHsst 
of  these  integers. 

An®.  3lu 

3,  One  nxffi^er  is  12  core  then  another.  The  saUXer  member  is  2? 
per  cent  of  the  larger.  Find  the  nvtsbers. 

ins.  h  Riid  16. 

v 

ii.  Bob  has  twice  as  Bseeh  cash  as  Bill.  If  fee  lent  Bill  a  dollar* 
they  would  hare  the  saaje  ascent*  How  such  did  Bill  have? 
ins*  §2.00* 

3«  Bon  usually  drives  froa  hie  boss  to  the  college  in  12  slnutss. 

Whon  rasfcsd,  hs  increases  big  average  speed  by  5  idles  per  hour 
and  nairas  the  trip  in  10  raiimtes.  How  far  does  Bo&trgvel? 
ins.  3  idles* 

6.  In  a  given  tin®,  iron  sstso  l  produces  500  aors  tons  of  ore  than 
nine  B.  Tho  ore  froa  tbs  forsser  contains  25  per  cent  pure  iron 


as  ess^ared  60  pa?  ©safe  psaes  iroa  fee#?*  sad  tfc*  latter 
produces  2|00  acr«  teas  off  pa?a  iron  than  doss  A*  Whit  is 
output  of  each  in  tons  of  ere? 

Ans.  A  *  2GCO  tons  B  *  1500  hens 

?*  Forty  gallons  of  silk  whose  but-terfeh  contest  is  |£  Is  sired  rith 

tMrtjMarc-  gallons  of  silk  containing  i&  tu&ierffah*  Find  fees?  jacy 

gallons  of  skis,  silk  with  of  bufctsrfat  sash  he  (a)  sdded  to  give 

silk  with  hU  butterf&t  (b)  ressved  to  give  cma  with  Ii$  bahbsrff&t. 

* 

A ns,  (a)  1  gal,  (b)  53  5/31  gal, 

8,  A  motor  radiator  contains  2h  quarts  of  a  solution  which  is  <£$ 
sleohol  and  80$  water.  Host  such  of  ths  solution  mast  be  drained 
off  and  replaced  by  pure  aieclol  to  give  a  30£  solution? 

Ass,  3  quarts, 

6,1}  *fha  graph  of  a  First  Degree  Equation. 

If  m  have  an  equation  which  expresses  a  ralationshib  between  two 
variables  such  as  y  and  x  and  the  power  of  the  variables  is  1  for  both, 
as  ia  y  *  2x  +  2  or  the  power  of  one  of  the  variables  is  1  and  the  other 
ie  0  understood,  i,e,  y  *  10  or  x  *  !*,  wo  are  able  to  graph  the  equation 
on  coordinate  axes  swh  as  m  discussed  in  the  chapter  on  functions  and 
graphs. 

Let* 8  take  the  equation  y  »  2x  +  2  and  sake  up  a  table  of  coordinates, 
graph  them  and  then  discuss  what  we  have  done.  By  substituting  values 
of  x  into  the  equation  m  can  solve  for  corresponding  values  off  y  in  the 
following  manner* 


?6* 


likes! 

M 

y  * 

2 

C-3) 

♦ 

2 

15 

¥fees$ 

£ 

<•2$ 

7  * 

2 

^2) 

♦ 

-? 

& 

Whsa 

s 

* 

*>2f 

r  * 

%: 

(<&) 

❖ 

f 

® 

0 

When 

z 

SB 

0 * 

y  * 

2 

m 

♦ 

t 

* 

When 

X 

« 

*3* 

»>r  » 

2 

a? 

❖ 

2 

When 

X 

a» 

*2$ 

y  « 

2 

& 

* 

# 

e 

•NS 

When 

X 

a 

*3, 

y  * 

f 

m 

© 

2 

A 

*8 

Timm  falms  are  than  f&o&tfid  la  f&ppa  6*4.  «sd  ih©  result  is  ft 
straight;  lias,  ¥g  could  hare  ori§£$$al2y  hsea  girea  <4&  *  gjjr  «  lj3  When 
^9  solve  this  option  for  y  iss  gat  css?  original  zqp&Um  y  *  2s  *  2, 

This  fora  of  the  first  degree  elastics  share  cv  fcsro  a  dependant  tari&ble 


(y)  in  tersa  of  m  independent  variable  (x)  is  ©ailed  the  slope»interc9|jt 
fora  of  the  ©^cation,  In  psaral  tersss  this  elation  is  expressed  as 


Whsre:  y  ia  ths  dependent  tariafele  (vertical  axis) 

x  Is  tbs  independent  variable  (hertgontal  axis) 
a  is  tfcs  slope  of  the  3i&»>  or  the  change  ia  y  divided 
by  ths  chaise  in  x 

b  is  tbs  y  Intercept,  or  where  the  graph  crosses  the  y  axis. 


6.5  Slppe-Iatoroept  fora. 

Mi«M»firijii  — »v*t  iri'jf  tr  c>  *■  — 


la  the  equation  that  m  graphed  ia  Figs?®  6*1,  y  »  Ex  +  2, 
coefficient  of  z  Is  2  and  corresponds  to  a  In  the  general  tom  y  »  sac  *  b. 
By  otsr  above  definition  of  slops ,  change  ia  y  divided  by  a  change  in  x, 
ue  can  see  that  when  m  save  a  distance  of  a  *1  in  the  *  direction  the 
corresponding  change  in  y  for  the  graph  of  the  line  is  a  *2  or  »  2  ® 
slope.  When  «e  have  ifco  equation  in  the  slope-intercept  fora,  if  the 
coefficient  of  x  is  positive  the  graph  of  the  line  will  slope  up  to  the 
rlghtj  if  the  coefficient  of  x  is  negative  the  line  slopes  down  to  the 


right. 

The  b  portion  of  the  slope-intercept  fora  tells  as  the  point  whore 
the  graph  crosses  the  y  axis.  Ibis  is  proven  in  the  following  mnsor« 

At  any  point  on  the  y  axis  the  value  of  x  is  0.  In  the  general  fora  then 

y  *  ex  +  b 


When 

x  «  0 

then 

y  *  m 

y  ®  +b 

Bxaspless 

1.  What  is  the  slope  and  the  y  intercept  of  the  equation  2y  »  Ux  ♦  10  «  0 

2y  -  Ipt  *  10  ®  0 

2y  «  hx  -  10 

y  «*  2x  -  5 
Slope  ■  *2 

.  y  intercept  “  -5 
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The  gs&ph  of  this  equation  is  a  lie®  slopes  v$  to  the  right 
with  a  *2  Zmre&m  is  y  for  every  *1  Insmsc  fts  x,  It  erases  th$  y 
axis  at  y  a  «£» 

2,  What  is  th®  clops  sad  th®  y  iatcmpt  oi  3y  *  12s  *  12? 

3y  +  12x  *  IS 

3y  ®  *»12x  +  12 
y  »  =4x  *  k 
Slop®  ®  *4$ 
y  intercept  *  +ii 

The  graph  of  this  equation  is  a  lino  which  slopes  down  to  the  right 
with  a  4j  dsorsagQ  ia  y  for  each  *1  increase  in  s,  Tbs  graph  crosses  th® 
y  axis  at  y  *  +2u 

It  should  be  noted  at  ttd#  tis®  that  the  equations  y  ®  J  *  ~3* 
etc.*  are  horisontal  linos  parallel  to  the  x  axis  with  a  slop®  which  ia 
0.  y  »  0  ia  the  x  axis.  Similarly  x  *  «4|*  x  ■  3#  eto.,  sr®  vertical 
lines  parallel  to  the  y  axis  which  all  bars  an  infinite  slops.  The 
equation  x  *  0  ia  the  y  axis. 

If  wa  were  aalced  to  do  terrdse  the  x  intercept  (whore  ifa®  line 
crosses  the  x  axis)  for  an  equation  such  as  y  *»  3x  -9*  we  would 
substitute  0  for  y  since  the  Talus  of  y  at  any  point  on  the  x  axle  ifl  0, 

Exaaple* 

Given  y  *  3x  »  9  Find  th®  x  intercept, 
y  *  3x  -  9 
0*3 x  -  9 
x  *  3  Acs, 
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Exercises* 

Graph  the  following  equations  and  deteralns  the  slops  md  the 
y  Intercept  of  e&eh. 

1.  10s  +  2y  *  8  ^  Ans,  Slops  B  «£> 

7  intercept  *  *h 

2.  3x  ~  6  83  37  Ans.  Slope  »  *1 

7  Intercept  *  -2 

3.  8x  -  Ijj  -  16  ■  0  Ans.  Slope  •  +2 

7  intercept  **  *4j 

t 

It.  x  *  y  «  h  “  0  A^S,  Slope  *  -1  ^ 

7  intercept 

5.  -50x  -  2$y  a  7 $  Ans.  Slope  ®  -2 

y  intercept  *  -3 

6.  Explain  why  the  elope  of  the  equation  y  B  li  is  0, 

7.  Explain  shy  the  slope  of  the  equation  x  “  2  is  infinite. 

8.  What  can  we  say  about  the  graphs  of  two  lines  parallel  to  one 
another? 

9.  What  is  the  simplest  naans  of  obtaining  the  x  intercept? 


Bow  that  ora  have  learned  how  to  graph  an  equation  of  the  first  degree, 
we  will  derive  a  formula  which  wo  can  use  to  obtain  the  equation  of  a  line 
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Figure  6»2  snd  #0  knot?  tbs  coordinates  of  points  A  and  %3igtb Lch  are 

respocfcively  (4*2&)  and  (Xb,Ib)  ,«a  can  dskemstea  the  slope  of  ih®  lim* 

Since  tbs  slops  is  defined  as  the  change  In  7  divided  by  the  change  is  % 

2b  -  2a 

tbs  slop©  of  the  line  through  A  and  B  is  eq\s&  to  0  Uov  let  ns 

zb  *  -% 

take  say  other  point  on  the  lias,  call  it  point  P  with  coordinates  (Xf2) . 

If  we  then  determine  the  elope  between  point  P  and  point  B  wo  will  obtain 

2  ~  2b  4  if  we  dsfeemlae  the  slope  between  point  P  and  point  A  we  win 
X  -^b 

obtain  2  -  ia  „  since  each  of  these  three  points,  P,  A,  and  B  are  on 
X  «4 

the  om®  line  the  slopes  we  obtained  aaist  be  equal  to  one  another* 


Therefore 


2-4  2-2b  Yb-4 

7—7-  «  r— -7-  0  7—7-  •  slope 

X-4  X  «  Xb  Xb  -  4 


With  the  above  forrcula  we  now  can  write  the  equation  of  a  line,  if 
we  are  given  the  coordinates  of  any  two  points  on  the  line.  We  can  also 
use  the  fonatfla  to  write  the  equation  of  the  line  if  we  are  given  one  set 
of  coordinates  and  the  elope  of  the  line. 


Exaaplees 

1,  What  is  the  equation  of  the  line  through  (1,  2)  and  (it,  3)? 

2  -  4  ^  Xg  -  4  ^ 
x-xx  "  x2-xi  “a 


a  *  slope 


1-2 
X  -  1 


Cross  sniltlplylag 

3  (X  -  2)  *  X  ~  2 
3T-6  «  X  -  2  Ms* 

This  is  hut  for  practice  lsb*»  put  it  into  slsg®=4E£e«*spfe  fern, 

3!  *  I>S 

X  "  J:  +  J  Aas, 

3  3 

Looking  back  at  ora?  soltstloikvs  should  raaUso  that  t&aa  tss 

substitute  tbs  coordinates  of  the  two  points  in  tbs  right  elds  of  our 

equation,  vs  would  obtain  the  slop©  of  the  Una  2jl£  »  1  *  Fa  proved 

1*  ~  2  3 

this  idles  vs  put  the  aquation  in  the  slope-intercept  Sam  and  found  that 
the  coefficient  of  x  was  j  « 

It  follows  then  that  if  vs  wore  given  a  point  and  the  slope  of  a 

* 

line  through  that  point.,  vs  could  obtain  the  elation  of  the  line.  If 
we  were  given  the  point  (2,3)  and  asked  to  find  the  equation  of  a  line 


through  that  point  with  &  slops  of 

3  we  would  procssd  as  follows* 

X  -  I-} 

■  —  »  a  •» 

x  -  xx 

alopa 

.  3 

X  -  2 

• 

Then 

r  j,  .  } 

V  * 

X  -  3  *  32  -  6 

* 

X  »  3s  »  3 

Slope  *  3 

X  intercept  ■  -3 

1 

Exercises  i 

Find  the  equation  of  the  lino  through  tfes  fallowing  sets  of 
coordinates.  Put  the  equation  in  tbs  aloj^-infcerccpt  fans.  What  is 
the  slope  the  y  intercept;  ead  the  z  intercept? 
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1-  (lj-3?  <2,0) 


2.  (-2,-6)  (2,10) 


3.  (-2,-2)  (2,-6) 


lu  (2,3)  (M) 


5*  (~2j—16)  (3,h) 


Ana.  7  “  3x  -  6 
m  *  3 

y  Intercept  ■*  *4 
x  intercept  *  *2 

A«s,  y  *  Ipc  *  2 
®  «  li 

y  intercept  «  *2 
x  intercept  «  *4 

Ana.  y  88  -ac-Jj 
si  w  —1 

y  intercept  *  4j 
x  intercept  *  «4i 

km,  y  ®  .|  +  2 

Ha| 

y  intercept  ®  <-2 
x  intercept  *  -Jj 

Aaa.  y  *  Ipc  «  8 

a  «  ii 

y  intercept  *  -8 
x  .Intercept  »  +2  * 


Doternlme  the  equation  of  the  line  through  the  indicated  points 
having  the  given  slopes.  Then  graph  the  line  and  determine  the 
y  and  x  intercepts. 

6.  (2,6),  a  *  2  Ano.  y  *  2x  *  2 

y  intercept  ®  *2 
x  intercept  "  -1 


?.  (-2,-3),  m  -  3 


Ana.  y  “  Jx  *  3 

y  intercept  *  +3 
x  intercept  •  -1 


.  (1,-1),  n  *  -2 


N 


Ana.  y  «  »2sc  *  3 

y  intercept  »  +3 
x  intercept  *  3/2 


8 


£5  *  »1 


%  (5,-D, 


km*  y  *  -z  *  lg 

y  intercept  ®  +& 
2  ictcf'espb  e  +& 


Fire  the  equation  of  t^s  lias  has  the  fellesring 


x  sxA  y  intercepts. 

10. 

x  intercept  *  -2 

y  intercept  a  *h 

kns. 

7 

45  2x  +  h 

n. 

x  intercept  a  +6 

An®. 

7 

“|+3 

y  intercept  **  +3 

2 

12, 

x  inter cspfc  *  *h 
y  intercept  *  -8 

has. 

7 

»  2z  «*  8 

6.7  System  of  Linear  Equations. 

We  have  just  feccon*  acquainted  with  linear  equations  of  ts?©  wriablss, 
Letts  suppose  ue  usre  asked  to  find  fen>  rnr^ars  afsisb  vests  added  together 
equalled  It.  in  algebraic  statamst  of  tfcis  *g«bl<s*  using  the  vsrisbles 
x  and  y  vculd  bo  x  +  y  «  lj.  Thsre  a?®  an  infinite  a®&sr  of  eoxbimtions 
of  values  of  x  and  y  shich  satisfy  tale  equation,  i.e.,  2  and  2,  3  sad  1, 
+12  and  -8  ssd  so  on.  Tbs?®  is  no  say  for  as  to  select  one  set  of  valises 
over  any  other  and  bs  star©  that  this  la  the  ons  us  &ra  looking  for. 

Hcusver,  if  ue  ere  given  additional  fsferss-tien  gash  as  y  »  8,  se  oen 
then  substitute  the  value  of  y  54  8  ia  the  first  equation  as  folio*® * 

x  +  y  *  it 

Then  substituting  y  **  8  for  y 

x  +  8  ®  2} 

Then  K9  can  solve  fa?  x 

x  *  q  -  8  *  *4i 

Tt  is  not  possible  to  solve  as  equation  of  «ro  variables  fear  specific 
values.  It  is  necessary  fee  have  ecr,e  other  relationship  expressed  as  an 


equation.  If  m  bars  tera  liasar  equabisas  sod  t&o  sales: sens  ss  caa 
solve  th*  esy8t®&*  of  equations  for  specific  values,  la  this  ©soti©4*Es 
vill  lsarn  tao  methods  of  arriving  at  solutions  of  systems  «?  %&  eqaaticas 
sad  two  unknowns.  Tfco  first  method  we  wHI  call  the  substitution  sethcd, 
¥a  jTjat  employed  this  sethed  is  solving  the  systes  of 

x  +  y  «  1$ 
y  *  8 

The  second  sothod  we  vill  learn  «©  sill  call  the  arithsstic 
s?athcd. 


6*8  Substitution  Method  -  fwo  Equations  and  Tfe*o  t&Jasowns, 

In  this  Ksthod  m  solve  for  one  of  the  variables  is  one  equation  ia 
terse  of  the  other  variable;  and  then  substitute  this  value  in  the  other 
equation  and  solve  for  the  other  variable,  Then  we  substitute  the  value 
«e  have  obtained  ia  either  of  the  equations  and  solve  for  the  variable 
which  is  still  unknown,  then  cheek  your  results  in  both  equations,  fba 
above  ray  sound  quite  complicated,  however*  after  an  work  throng  a  couple 
of  eraspla  problem  you  will  see  that  they  ars  really  quit®  simple, 
Bxsi^sles* 

1*  Solve  the  following  systea  of  equations  for  x  and  y, 

(1)  x  ♦  y  ■  ? 

(2)  Sz  «*  3y  °  **6 

The  equations  have  been  KUB&erod  to  facilitate  the  explanation. 

First  solve  equation  (1)  for  x  in  terns  of  y  x  a  7  -  y. 

Then  substitute  this  value  of  x  in  teras  of  y  into  equation  (2) 

2  (7  -  y)  -  3y  *  ~6 

Since  we  now  have  one  equation  and  one  wakoomtm  can  solve  for 
that  unknown . 
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2  (?-?)  -  3?  &  -6 

lij  «•  2^  *♦  3y  *  ®6 

$y  -  20 

y  *  h 

Than  taking  tbs  value  of  y  *  li  and  substituting  it  into  the 

steplost  equation,  in  this  case  equation  (1), and  solve  for  x» 

x  *  y  a  7 
x  +  h  a  7 
x  •  3 

tfe  could  have  substituted  the  y  **  h  in  equation  (2)  in  the 
following  Kaaaer. 

2z  -  3y  »  -6 
2s  -  3(1})  “  "6 
2x  °  -6  +  12  "  6 
x  ®  3 

Our  next  step  is  to  check  the  valuos  of  x  *  3  and  y  58  It  in  both 
equations  to  prove  our  work  to  our selvae. 

(1)  x  +  y  »  7 

3  +  1}  -  7 

7  “  7  Correct 

(2)  2x  -  3y  *  -6 

2(3)  -  3(h)  •  -6 

6-12  "  -6 

«6  88  -6  Correct 

2,  Solve  tha  following  systsn  of  equations  for  x  and  y  and  chock 
your  results. 

(1)  x  -  2y  “  0 

(2)  3x  *  2y  ■  8 

Solving  (1)  for  x 

x  «  2y 

Substituting  this  in  equation  ( 2) 

(2)  3*  +  2y  a  S 
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3  (fy)  *  •  6 

*  2Jr  *»  8 
6y  c  6 
m 

Substituting  y  *  1  la  cities  (1) 

(1)  x  ~  2y  »  o 

x  -  2(1)  *  o 

x  *  2 

Tien  ehaekiag  the  lalsee  of  x  and  y  in  both  Rations 


{1}  x  -  2j  *  0  and 

2  -  2(1}  »  0 
0  «  0 


(2)  3x  +  §y  «  $ 

3  (2)  *  2(2}  -  8 
8*8 


3.  Solve  th®  following  systsss  of  equations. 
(!)  2x  «  3y  *  lj 
{2}  x  +  6?  ®  2 
Solving  (2)  for  x 

x  ~  2  -  6y 

Substitutiug  in  (1) 

2  (2  -  2y)  *  3y  *»  lj 

).*  «  hy  ■»  3y  »  lj 

?y  *0 

y  °  o 

Substituting  in  equation  (2) 
x  *  2y  *  2 
x  +  0  «  2 

x  **  2 


Chocking 

(l)  2x  »  3y  *  I5 
2(2)  -  3(0)  -  2| 
i»  *  k 


(2)  x  *  6y  «  2 
2  ♦  6(0)  «  2 
2*2 
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ffes  student  should  mtr  realise  that  each  of  tfcc  equation®  in  a 
systsa  can  be  plotted  *s  a  straight  lias.  It  the  graphs  of  the  te?o 
equations  eross  (if  they  & re  set  parallel)  then  there  is  a  valuo  of  as 
and  t  whisk  Ssatisfiss®  both  equations.  It  is  loft  as  a  drill  fsr  the 
student  to  graph  each  of  the  gyetess  of  ©questions  to  jaw©  to  himalf  that 
this  is  in  fact  true*  The  sesaoa  point  should  coincide  with  th©  vslnss 
obtained  by  the  (substitution  sahhod. 


Vhsn  vs  solve  a  system  of  tero  equations  and  tens  unknowns  by  the 
Arithmetic  method  w©  multiply,  divide,  add  end  subtract  in  an  effort  to 
eliminate  ana  of  the  variables,  rossabering  alsays  th&b  anything  we  do  to 
one  si da  of  an  equation,  we  East  do  to  the  other.  The  other  principle 
ispon  which  this  method  is  based  is  that  if  we  add  equation  to  another 
equation  we  obtain  a  third  equation,  since  we  are  adding  equals  to  both 
sides  of  an  equation.  This  say  sound  confusing,  howerc  >r,  after  we  work 
through  a  couple  of  solved  problems  you  should  have  no  trouble  in 
applying  this  method. 

Examples 

1.  Solve  teie  following  system  of  equations  by  the  arithmetic  method. 

(1)  6x  +  2y  »  10 

(2)  3x  ~  ky  »  ~S 

We  should  ala  at  eliminating  one  variable  from  the  system.  Wo 
can  eliminate  the  y*a  by  multiplying  equation  (1)  by  2  and  then  adding 
equation  (1)  and  (2),  Wo  could  just  as  easily  eliminate  the  x*a  by 
EKltiplying  equation  (2)  by  -2  and  than  adding  equations  (1)  and  (2), 
Let*3  olir&nata  the  y*s.  Equation  (1)  bocossest 


5 

f 


? 


(1)  12s  +  hr  «  20 

(2)  3x  -  1&  •  «5 

Adding  (1)  and  (2) 

35  x  «  35 
x  **  1 

At  this  point,  our  method  is  the  sane  as  the  one  we  used  in  the 
substitution  method  abov%  after  «ra  had  solved  for  one  of  the  variables* 
We  simply  substitute  the  value  known  in  either  of  the  original  equations 
and  solve  for  the  other  and  then  check  both  values. 

Substituting  x  «  1  in  equation  (2) 

3(1}  -  ly  "  «>5 

liy  *  8 
y  *»  2 

Then 

Checking  in  (1)  and 
12  (1)  +  It  (2)  *  20 
20  »  20 


checking  in  (2) 

3  (1)  -  h  (2)  «  »5 
“5  *  -5 


2.  Solve  the  following  system  of  equations  by  the  arithmetic  method, 

(1)  3x  +  2y  -  1 

(2)  lix  -  y  "16 

We  can  eliminate  the  y*s  by  multiplying  equation  (2)  by  2  and  then 
adding  (1)  to  (2)  or  we  could  eliminate  the  x*s  by  multiplying  (1)  by  lj 
and  (2)  by  -3  and  chon  adding.  Let*s  eliminate  ths  y*s  since  this 
involves  only  one  multiplication. 

(1)  3x  +  2y  -  1 

(2)  8x  -  2y  “32 

llx  »  33 

x  -  3 


89. 


Substituting  x  *  3  in  original  Ratios  (2) 

(2)  M3)  -  y  °>  16 

y  *  4 

It-  ie  left  to  the  student  to  check  these  values  in  the  original 
equations, 

6.10  Simultaneous  Equations  with  Tfareo  Unknowns. 

In  order  to  solve  equations  of  the  first  degree  with  two  unknowns, 
we  found  that  we  needed  two  equations.  Similarly, to  solve  a  system  of 
equations  with  three  unknowns  we  need  to  have  three  equations  which 
express  relationships  between  or  among  same  or.t^ll  of  the  'Variables* 

) 

Our  approach  is  very  similar  to  the  substitution  and  arithmetic 
methods  used  in  the  previous  paragraphs*  Suppose  we  are  given  the  system 
of  equations 

(1)  x  +  y  +  a  «  6 

(2)  2x  »  3y  +  2s  -  2 

(3)  a  -  3 

Our  approach  would  be  to  use  the  value  of  s  which  we  are  given  in 
equation  (3)  and  substitute  it  in  equations  (1)  and  (2)« 

We  obtain: 

(1)  x  +  y  +  3  ■  6 

(2)  2x  -  3y  +  6  ■  2 
transposing  the  integers 

(1)  x  +  y  »■  3 

(2)  2x  -  3y  *  ~k 

9 

Wo  now  have  two  equations  and  two  unknowns  which  we  can  solve. 

Using  the  arithmetic  method,  we  would  multiply  equation  (1)  by  -2  and 
then  add  the  two  equations  and  eliminate  the  x*s  aai  then  solve  for  y. 
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| 

>  . 


It  te  left  to  t-be  student  to  finish  tho  solution*  fifes  &g$$srs  «a?® 
ac  •  3L,  y  *  2  anrl  «  **  3. 

Wo  sight  be  given  &  sysbea  such  ass 

(1)  X  *  f  *  8  *  li 

(2)  2x  *  3y  +  s  »  *1 

(3)  2x  *  ky  *  *2 

Ws  should  notice  right  assay  that  sqaatics  (3)  caat&ina  only  ? 
variables,  x  and  y.  Ota*  approach  ia  this  case  would  be  to  apply  the 
arithmetic  abroach  to  equations  {1}  and  (2)  m&  ellsdsat©  the  variable 
a.  This  vie  ©an  do  by  aaltiplyiog  equation  (1)  by  ®1  and  then  adding  (1) 

©ad  (2)  to  get  a  new  equation  (h)  with  unknowns  x  and  y, 

(1)  -x  ®y  -a  *»  -4j 

(2)  2x  *  3y  ♦  a  81  *1 

(k)  x  -  Ijy  »  t5 

We  then  can  take  the  combination  of  equations  (3)  and  (is) , 
aulfcdply  (Is)  by  -1  ©nd  elisinat©  the  y*s,  and  then  solve  for  x.  I 

j 

(3)  2x  ~  ky  -  -2 

(li)  -x»!g  ”  *$ 

x  *  3 

We  can  then  substitute  x  •  3  in  one  of  the  equations  sMch  1ms  only 
2  variables,  in  this  ease  either  (3)  or  (li),  and  solve  for  the  other 

* 

variable.  Substituting  in  (3)  we  get  1 

(3)  213)  -  lor  -  -2 

liy  “  6  +  2 

y  *  2 

How  we  are  alzsost  ’’hoao'VHb  sieply  have  to  take  an  equation  which 
contains  three  variables,  substitute  the  values  of  x  and  y  which  we  have 

[ 

already  dote  mined  and  solve  for  s.  Let*®  use  equation  (1)  for  this  i< 

! 

8 
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m&stitutim.  We,  however,  eouXd  also  hsm  wed  eqmi&Um  (S>* 

(1)  3  *  2  +  s  *  h 

s  °  «1 

A  chflok  ic  thss  sada  hgr  st&stitstiBg  all  the  valuer  w®  haws 
detmaliiod  in  the  three  original  eqa&tions* 

In  the  general  easels©  would  b©  given  three  equations  each  containing 

* 

tbs  sage  three  variables.  Our  apgspe&eh  would  then  be  to  take  any  tuo 
orations  and  eliminate  one  Tsri&bie,  say  a»  Ota?  3$xt  stop  wm Id  be  to 
take  another  eosMn&tion  of  two  equations  and  elis&ast©  the  sssso  variable 
x.  ¥e  weald  then  have  obtained  te?o  equations  which  centals  two  vsriableo, 
say  y  and  g^tMch  m  can  solve.  Once  m  have  obtained  a  value  of  one 
variable,  m  then  substitute  in  an  equation  which  contains  only  the  kms£t* 
variable  and  one  other.  When  we  have  solved  for  2  variables,  we  substitute 
these  values  in  one  of  the  equations  containing  the  throe  variables  and 
find  the  third  and  last.  We  then  check  all  three  values  in  all  original 
equations. 

Examples 

Solve  the  following  systoa  of  equations) 

(1)  3x-2y+z~l  a  0 

(2)  x  *  2y  -  3z  -  13  -  0 

(3)  x  +  7  *  2s  «  -3 

Taking  equations  (1)  and  (2)  and  putting  the  constants  on  the  right 
side  of  tho  equation  and  eliminating  the  y*e  by  adding 

(1)  3x  -  2y  +  a  “1 

(2)  x  +  2y  ..  3»  -  13 

tre  get 

(Ii)  !pc  -  2s  “  ,lli 
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TgMrtg  equations  (2)  and  (3)t  we  can  nraltlply  (3)  by  -2,  th®s 
add  it  to  equation  (2)  to  obtain  equation  (£)» 

(2)  x  *  2?  -  3s  *  13 

(3)  «2z^>  2y  -  ft  a  "  +6 

(£)  -7s  ®  19 

We  then  take  equations  (h)  and  (5)  and  eliminate  x  by  raltiplying 

•  ^  i* 

equation  ($)  by  +fj  and  adding  the  result  from  equation  (It). 

(it)  Itx »  2a  “  lit 

(I?)  -its  -28a  ”  76 

«w<ww»Trtnif  LiniiiiM«jrir»i>m*a 

-30s  »  90 

a  "  -3 

Substituting  z  “  -3  in  equation  (It) 
hx  -  2(~3)  a  lit 

kx  “  8  ‘ 

x  *  2 

Then,  substituting  x  «  2  and  s  ■  -3  in  equation  (3) 

(3)  2  +  7  ♦  2  (-3)  ■  -3 

y  »  -3*6-2 
y  ■  1 

It  would  be  a  good  drill  for  the  student  to  chock  the  values  :jx 
the  original  equations., 

Exercises s 

Solve  the  following  syafcecs  of  equations  by  both  the  substitution 
and  arithmetic  methods  and  chock  the  values  obtained  in  the  original 
equations* 

1.  2x  -  3y  ■  1  Ans.  x  a  $ 

x  -  2y  *  l  y®3 


n 


2.  x  ®  2y 

ai 

28 

Ass, 

x  «  8 

2s  *  y 

SI 

6 

y  *  “10 

3.  3»  *  37 

a* 

•*1$ 

km. 

x  B  -2 

Ijx  «  2y 

<a 

2 

7  -  -3 

h,  6s  -  £y 

n 

16 

Abs. 

x  »  6 

iix  -  3y 

» 

12 

y  c  lj 

2x  -  3y 

w 

lli 

Ans. 

x  ®  It 

3k  +  6y 

m 

0 

y  « 

Solve  tbs  folio-stag  systems  of  cqssticas  for  x,  y  and  2  and  then 
check  the  results  in  the  original  equations* 

6.  3x  ~  V  +  2s  “  8  Ans. 

hx  -  8y  -  2z  *  -6 

x  -  7y  +  2z  *  1 

7.  6x  -  3y  +  2s  ®  -lij  Acs* 

x  *  y  -  2  *  -3 
-2x  -  ?y  +  3z  -11  0  0 

8.  2  +  7  "  0  Ana. 

6x  f»  3 y  ■  6 
Jjx  -  y  +  2z  “  -2 

9.  y  +  3  "  0  Ana. 

Ipc  +  ij  »  0 

x+y-2-2  *  0 

» 

10.  3x  *  hy  *  60  Ans. 

2y  +  s  -  8  *  0 
2s  +  3y  +  iiz  -3  *  0 

6.11  Inequalities. 

There  are  occasions  in  a  nasagessnt  ourriculus,  particularly  in  the 
quantitative  disciplines,  when  &o  wish  to  sys&olically  state  that  one 
nuaher  is  ^greater  than3  or  0lcs3  than”  another  number.  Conventionally 


x  «  2 
7*1 
a»3 

r  *  -2 
y  *  b 
a  »  5 

x  “  5 
y  *  8 
a  *  -7 

x  *»  -1 
y  *  -3 

s  «  «6 

x  ■  8 
y  “  9 
a  “  -10 


9h 


we  mite 


a  b  which  means  a  ia  groat®?  than  b 
or 

e  <  d  which  saass  c  Is  2®ss  than  d 


A  good  way  to  resesher  these  relationships  is  to  rsss^s?  ^sat 
the  point  always  "points  at  the  smile?  ate&er3, 

Sixailarlys 

e  is  f  jssaiis  ©  eqffiO.  to  os*  greats?  than  f 
and 

g  Jsl  h  means  g  is  ©qasl  to  or -less  than  h 

¥0  can  apply  most  of  the  techniques  that  we  Java  learned  in  the 
solution  of  equalities  to  the  handling  of  inequalities*  Let*s  .tails 
fee  simple  inequality  8  >  2t  and  see  what  we  can  do  with  it, 

1.  We  can  add  like  quantities  to  both  sides  of  an  inequality  snd  the 
inequality  will  ©till  have  the  eosss  “nance®. 

8  +  2  >  I4  +  2 
10  >  6 

(Saixe  sense  Beaming, in  this  case, is  still  greater  than.) 
Similarly* 

2.  We  can  subtract  like  quantities  froa  both  sides  of  an  inequality  and 
the  inequality  will  still  have  the  same  sense. 

8  -  3  >  U  .  3 

5  >  1 

3.  We  can  multiply  or  divide  both  sides  of  an  inequality  by  the  same 
“positive"  number  and  again  still  maintain  the  validity  or  sens®  of 
the  inequality. 


8  >  h 


££d 


3  >  h 


h  >  2 

Let5  a  exa^gs  shat  if  cs  sssltiply  both  sidtes  cf  on?  is^qssility 

by  &  ninas  ssa2xsr»  Starting  agsia  slth 

3  >  is 

If  s*  saltiply  both  sides  e?  this  is&qsslity  by  -2 

8  -  (-2)  >  ij(-2) 

-26 

5b  tie*  that  if  ss  keep  the  gaas  Issqsalii y  eys2cl  3>  (gasa  sessa) 
as  *e  did  ia  the  previous  examples*®'©  gat  e  SEssens*  asere?,  aizse  ss 
all  k2ssr  that  -16  is  less  than  -3  er  using  oar  csss? 2y  scared  Jsssssledgs 

— 16  -8 

Let*  6  take  another  inequality  stash  as 

3  *C  6 

Multiplying  both  sides  by  -3  *?e  obtain 

3(-3)  <.  6{-3) 

-9  <  -18 

vhicb  &gsin  is  a  nonsense  snsser  since  -9  />  -IS* 

Sisdl&rly,  if  ss  diride  both  sides  of  th©  inequality  3  <,  6  sry  -3, 


-1  <.  -2  shieh  also  is  sansones  dess  -1  -2* 

Therefore,  vs  can  cesslude  that  if  raltiply  or  divide  both  sides 
of  an  inequality  by  a  negative  nis&sr,  sra  still  bars  as  inequality, 
hosrare^  the  sense  of  the  bsm  inequality  is  reversed, 

¥a  siiqply  change  the  inequality  frois  >  to  <  o?  froa  to  ^>  , 
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fa'hiefe^irer  is  appropriate 


5.  We  esa  xlso  sales  both  sides  a?  isaqsaSielss  to  tbe  ssss  post?  <3* 
vs  eaa  take  tbs  essa  soot  (sq3&mf  cube,  stc,)  cf  bath  sides* 

Hevg???,  1?  vs  tasks  asg^tlvg  roots  v®  gash  change  the  m?£®  of  ta» 
iraiqsslity,  for  ess^&a,  if  we  tsk»  tha 

6  ^  li 

sad  gqa&s:s  both  sides*  vs  gsi 

36  ^  16 

faking  anoibar  ineqdality,  such  &ft 

6^  <  ICO 

vs  can  take  eqsars  roots  cf  both  sides*  ead  gst 

*S  <  ^2£> 
or  -8  ^  -13 

Ws  can  also  '’solve*  inequalities  ,  Stress  ve  were  told  to  solve 
the  foHmring  iccqa&Iity  for  x, 

j!x  +  li  |g  20 

Using  the  tes&aiqsss  discus  sec  tX  ove,  we  subtract  lj  £tct  cash  elds  and  get 

3x  ♦  ij  |J  2B 

3x  g  28  -  1* 

3:-'  £  all 

v  £  8 

Similarly.,  we  can  solve  for  y  ia  the  following  inequality! 

2?  -  6  «&  36 

gy  <.  36  ♦  6 

%r  <  h2 

y  <  a 

As  vs  can  see,  solving  inequalities  ie  just  like  eolvifig  equalities. 
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6.12  Graphing  Inaaualitisse, 


ax®®,  rather-  than  lines.  For  eassstple,  2  2s  0  is  all  of  the  area  to 
th*  right  of  the  y  aodLe  %ad  y  <  1  4k  all  of  the  area  beissr  the  lisa 
y*l.  Likewise*,  y  0  is  t&a  aroa  oa  aad  above  tfes  x  axis. 

We  sight  be  asked  to  graph  <m  a  sat  of  eoordimts  ssss  the  region 
or  area  described  by  the  following  three  relationship®* 

(1)  x  >  0 

(2)  y  >>  0 

(3)  7  |s  -2x  *  8 

Referring  to  Figure  6-3*  the-  first  insqe&llty,  x  >  0  excludes 
the  y  axis  and  the  area  to  its  left.  The  next  is&<gsaLi&& y  >  0, 
excludes  the  x  axis  and  the  are*  which  is  below  the  at  ss&s.  kt  this  point, 
ve  hare  lisdted  the  area  we  are  looking  for  to  the  area  in  the  first 
qutdrant.  The  third  relationship  y  g  -£x  <•  8  would  exclude  the  are* 
above  the  line  y  -  -2x  +  8.  The  area  which  fulfills  the  Ossifications* 
of  all  three  relationships  is  the  area  of  the  cross-hatched  triangle 
including  the  portion  of  the  line  y  »  *2*  *  8,  bet,  excluding  the  portions 
of  tfeo  x  and  y  axes  which  border  the  triangle. 
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SoIvb  the  foiled  s, 

*•  **«  >«  *».  *  >? 

/  , 

?‘  &  “  10  <  30  -  6s  Ass,  *  <  5 

•  fcllo»icg  grtstspa  of  ieaqssHt&as, 

3»  x  >  D 

;  y  >0 

■v 

7  >-x  *  h  ■ 

-h  <x  <+li 

~2  <  y  <  *2 
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?,1  lafa^atlos, 

v^ta*r*s*z*c*ao!*»  *o**'.m  «rr» 

k  stop  shots  Use os  ®%pa& loss*  la  dsgres  sf  difficrsl'^r  <&£ 
s?@  ibss®  eqsstdo&s  &rgi  exsre^ioas  spiels  (i)  sc-st&is  at  ift&st  ©ns  tecra 
ia  g^a&  the  s&5  of  tfes  aaqsoisgtsis  of  ths  T5?i&bls3  is  tJafc  te*®?  ©?  (2) 
is  i&e  sag®  of  a  tors  sith  crJtj-  m$  v^fdsKLa  t&ar®  i&at  ’S£?i«fc2£4s 
exfoasci,  is  sqasl  to  or  gmafc®?  tfeaa  t&&c  T$&  smM  of  tSss  e^jssssstss  of 
tbs  irsrisbles  la  ft  tersj  is  ^test  dotersiaas  tbs  dega^ae  of  a  fib®  &%?$© 

of  ax  oqpstioa  or  soq^essisn  is  eessidsred  to  fc&  th$  em&  $m  $&©  ds®?s®  of 
Use  highest  dogr«®  tsra  iis  tfest  feesat&sa*  fB2^?  Is  ifea  o^satioa 
hz*y^  *  3x~  *•  2  *»  0,  Itx^^  Ss  a  fifts  dsg^s-s  tss^s  {$3gg$MS&  of  s  »  2 
plus  exgansat-  of  y  *  3?  pith  sus  *  5),  3s£  is  &  sseosi  dagi?&i  teas,  tbs 
coastast  2  is  s  ssero  degree  tens  beesas*  there  is  so  Tgri&bXe,  ©sd  t&® 
eqostioa  as  a  -j&ols  is  of  tfe®  £ift&  fegem*  afoia  c&rsfsXXf  tb&i  it  is 
tbs  sm?  of  t&s  aj^ansa^s  fcfcsb  dstsraiaea  the  d«$re®  of  the  tens*  $esb  as 
first  dsgreo  egsahioss  are  e^aaoaly  ?a£®m*d  to  as  lijiaar  ®<psatloajj, 
second  degree  pqaatioss  srs  ossssoixly  ref«gred  to  as  ffaadsratfe  e$gatleiB>Sg 
The  colTirg  of  eseosd  teg?9&3  or  ^GadSfatiSj  e^Bstlosa  -is  asmUy  mt  too 
diffictflt  ssd  »*ill  b®  ds®Jsg?terat©d  is.  t&s  follo?dsg  jfiJfsgr^h®»  Bows*rer, 
tk&,  solrisg  of  sgssiiesg  of  s  d»g2?eo  higher  tbs®  the  ssaotai  dogres  is  m?& 
cS%m  than  sot  a  gaits?  of  agf^sds&tdag  the  sels&ies,  aad  thsa  chocking 
its  aaesrscj  V  sBfestlhaiisg  tfea  apfcrosisation  fe&ok  Sate  tbs 
eqsaiieju  to  the  problem  of  appreod sating  eolations  s  1st®  a  jiast 
cssfiisj  oxr  ditpass&s^  to  the  golsisg  of  qpadr&bie  e^saiieast  fbs 
eolation  s&icfa  m  obtain  as®  e®li®4  root®  of  the  eaxaiioK  and  asast  is 

wMamcww  » 
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all  eases  be  substituted  back  into  the  original  elation  to  ensure  that 
they  ere  cermet  and  accurate  beeaus^  as  us  will  £sesit  ie  possible  be 
get  s oss  incorrect  answers,  To  start  with*  lstss  first  consider  quadratic 
equations  with  one  unknown,  and  than  go  late  solving  equations  with  two 
tmksowns  and  finally  take  up  iho  graphing  of  quadratics. 

7,2  Quadratics  with  One  ffnknows. 

hhen  ws  talk  of  quadratic  §  with  one  mknown,  what  m  really  sean 
ie  that  all  the  unknown  parts  to  a  problem  om  be  expressed  in  teras  of 
a  single  variable ,  For  example,  we  my  kmu  the  area  of  a  plot  of  land 
but  not  know  its  length  or  width.  However*  If  wo  know  the  relationship 
between  the  length  sad  width  we  can  express  one  in  tunas  of  tee  other  and 
-m  would  thus  consider  that  we  had  a  probles  with  only  one  mknoTsa, 

Knowing  what  m  scan  by  on®  unknown*  lat*s  now  develop  a  general  equation 
which  expresses  this  condition.  la  our  development*  let* 3  assign  the 
vnkmwi  variable  the  literal  symbol  x,  Sines  it  is  to  be  a  quadratic 
equation*  there  East  be  cm  tors  containing  the  variable  raised  to  tea 
second  power.  Knowing  that  this  terra  will  be  x2,  bub  not  knowing  how 
sany  x2* & we  have,  we  put  a  sysbol  for  an  unknown  constant  before  the  x2. 
Since  a  is  the  first  letter  of  the  alphabet,  we*  11  use  a  end  get  the  first 
tena  of  our  general  quadratic  equation  to  be  ax2.  How,  we  have  filled  the 
EinisxEa  requirements  for  a  quadratic  equation.  It  is,  of  course,  possible, 
but  not  necessary,  to  have  the  variable  raised  to  the  first  power  and  to 
have  a  constant,  AasuB&ng  we  have  soasa  first  degree  power  of  x  present 
and  a  constant,  but  that  do  not  know  how  cany  x*s  there  are  or  what  the 
constant  is*  wa  substitute  the  literal  sycosis  b  and  0  for  these  unknowns, 
respectively.  Thus  w@  can  ccsre  with  the  general  quadratic  equation 

*  fex  *  0  «*  0, 
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Retseabor,  b  and/or  o  can  be  sere  but  that  a  cannot  be  goro;  if  it  ware, 
we  would  not  have  a  quadratic. 

There  are  several  sssthods  of  solving  the  quadratic  equation,  that 
is  finding  values  of  the  variable  that  will  satisfy  the  equation.  If  we 
consider  our  land  parcel  to  be  15,000  square  feet  and  to  have  sides  of 
equal  length,  we  can  easily  determine  Idle  length  of  tbs  sides.  First, 
let  x  stand  for  the  length  of  a  side  and  set  up  the  equation  for  the 
area;  that  is 

x  tines  x  «  15,000 

Multiplying  the  x*s,  tare  get 

x2  ■  15,000 

If  we  take  the  square  root  of  both  sides  of  the  equation,  the  solution 

HIWIWT 

to  our  land  problem  would  thus  be  plus  or  minus  Vl5,000  feet.  Be  sure  to 
remember  that  when  we  take  square  roots,  wo  get  a  plus  and  sinus  value. 
Substituting  back  into  the  original  equation, we  find  that  both  roots 
satisfy  the  equation.  However,  now  we  Bust  use  a  little  practical  eosacm 
sense  and  realise  that  while  the  -  ^lf?000  satisfies  the  equation,  that 
there  may  be  soras  question  as  to  its  being  meaningful  in  a  practical  sense, 
obviously,  it  does  not  sake  sense  because  we  cannot  have  negative  dimensions 
of  land,  so  we  disregard  this  root  and  use  only  the  root  *  15,000  and  say 
the  length  of  a  side  is  /iJ^OQO  feet. 

For  those  quadratics  with  one  unknown  where  b  is  not  aero,  we  have 
a  liwi/le  sore  complicated  problem.  If  we  can  eanipulate  tho  equation  to 
get  the  right  side  of  toe  aquation  equal  to  aero,  and  still  have  on  the 
left  side  of  toe  equation  an  expression  that  is  factorable,  we  have  an 
easy  task.  All  we  do  is  factor  tho  left  side,  set  each  factor  equal  to 
ssero  and  solve  for  toe  value  of  tho  variable  that  will  sake  the  individual 
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factor  equal  to  s&ro.  this  is  ©  perfectly  Icgel  sanssver  because,  if 
one  facto?  is  s^ro,  the  whole  expression  will  be  sero,  because  a©?®  times 
anything  is  sero.  As  an  oza^.e,  let  us  ©sswssa  our  Xasd  plot  is  scar 
15 f 000  square  fsst  and  rsstangdl&r,  vdtb  the  length  being  50  feet  greater 
than  the  width.  Lottie  2  stand  for  the  width  in  fasti  w®  can  write  tfeo 
formula  for  the  area  as 

z  (  x  +  5o  )  -  15,000, 


Multiplying  the  left  side  and  than  shifting  the  constant  to 
the  left  aids,  we  get  x2  *  50s»  15,000  *  0 
which  we  factor  into  (2  +  150)  (x  »  100}  «  0 


setting  each  factor  65  0,  ws  get 

x  +  150  *  0;  or  2®  -150 
2  -  100  «  0,  or  x  *  IK) 


Substituting  both  roots  back  into  the  original  equation,  wo  find 
both  roots  satisfy  it.  But  think*  th®  -150  is  impossible  so  ws  only 
consider*  the  +100  as  a  solution  to  0®  problem.  This  tolls  us  that  tbs 
width  is  100  feet.  Knowing  that  the  length  is  equal  to  the  width  plus 
50  feet, we  find  the  length  to  be  1$0  feet.  By  rapid  Eathesatdea,  100 
tines  150  equals  15,000  and  wn  see  that  wa  haws  a  valid  solution,  2k 


addition  to  the  problem  of  somtiisss  getting  solutions  that  are  not  valid 
froa  a  practical  point  of  view,  ws  can  also  get  solutions  that  won’t  even 
satisfy  the  original  equation.  These  we  call  extraneous  roots.  For 

-“*"‘*‘""*■11  Tim  r  11  — -iwmiii 

example,  if  we  multiply  both  sides  of  the  equation  by  a  ccsssm  denominator 
m  say  got  an  extraneous  root.  To  facilitate  understanding  this  concept, 
lot’s  try  solving  the  following  equation. 

x2  +  3x 

«  0 

3  ♦  X 
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Ktdtiguying  both  stdas  by  3  *  x»  ws  got 

x2  *  3*  *•  0 

^faieh  can  bs  factored  into 

s  (2  *  3)  w  0 

then  getting  the  factors  “  0,  wo  g®t 
x  0  0  and  s*3 

Boar  m&siittrfciag  bask  Into  ti»  original  ecfaation,  m  find  2  ®  3 
is  not  possible,  baesuse  wo  would  bo  dividing  by  sero.  thus,  the  only 
satisfactory  root  is  x  m  0,  Ike  isaral  of  tlsa  story  is  to  efesok  sill  root® 
by  substituting  thsa  back  into  the  original  station  and  by  ascertaining 
whether  or  not  they  ere  practical. 

Hew  let®  s  go  through  s  few  exasplas  to  ensure  that  tra  know  what 
we  have  been  talking  about. 

** 

1.  Solve  x^+  5x  +  6  *  0 

Solution?  factor  Into  (z  *  2)  (x  +  3)  *  0 

setting  each  factor  0  0,  then  2  *  »2  and  x  a  -3 
checking  2  *  -2,  (-2)2  *  5(-2)  *  6  *  It  •  10  *  6  “  0  checks 

checking  x'-«*-3,  (-3) 2  *  5(«3)  *6a*9-.l5  +  6**0  checks 

2.  Solve  200  x2  -  750x  +  625  0  0 

Solution:  divide  by  25,  Sx2  -  30x  +  25  °  0 

factoring  into  (2x  -  5)  (be  -  5)  "  0 

setting  each  factor  *  0,  2z  -  5  “  0,  x  "  2.5 

lix  -  5  *  0,  2  *  1.25 

Checking  x  -  2.5,  200  (2.5) 2  ~  750  (2.5)  ♦  625  “  1250  -  1875  *  625  - 

0  cheeks 

Checking  x  »  1.25,  200  (1.25) 2  -  750  (1.25)*  62$  »  312.5  -  937.5  *  625 

0  checks 


3.  A  car  dealer  bought  ©oso  e&rs  for  s  total  griee  ef  #36*000#  Ite®  cars 
were  destroyed  oa  feia  lot-  bar  fir©  bcfer©  fea  ©said  gall  tt&su  By  esHlxsg 
the  remising  ears  at  $£5o  stove  Mj  smmgp  &m%  hat  mm  ebl®  to  Bake  a 
profit  of  i!jQO*  How  asus^  ear©  did  ha  erlgfcss&ly  btff 

Solution*  let  x  stand  for  tbs  mgstor  of  cars  the  dealer 
bought.  Then,hig  average  cost  was  36,000  divided  by  x 

and  his  total  sales  were  36,000  divided  by  x  plus  950  which  is  all  multiplied 
by  x  minus  2,  The  difference  between  sales  and  costs 
was  his  profit,  Sys&oXically  ye  can  write 

Sales  -  Costs  #  Profits 

+  950)  (x  -  2)  -36,000  »  li00 

Multiplying  both  sides  by  x,  we  get 
(36,000  +  #0x)  (x  -  2)  -36,000  x  *hQQ  x 

36,000  x  -  72,000  +  950  x2  -  l$0Q  x  -  36,000  x  -  li00  x 
Collecting  terms,  we  get 

95 0  x2  -  2300  x  -  72,000  »  0 
dividing  by  50,  we  get 

19x2  -  Ij&x  +  liiiiO  “  0 

which  we  can  factor  into 

(x  -  10)  (ISbc  +  liiJi)  *  0 

setting  factors  ■  0,  wa  got 

x  **  +10  and  x  “  ** 

In  this  case,  it  is  easiest  to  just  ignore  the  •»  because  it  is  not 
possible  for  the  dealer  to  buy  negative  quantities  of  cars, and  then  check 
to  see  if  10  cars  would  satisfy  tho  conditions  of  the  problem.  It  do«c, 
co  the  solution  is  10  cars. 
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?*3  Quadratic  f&ma la. 

Scsstdsss  vhsn  we  collect  terzs  ea  tbs  loft 
equation,  m  find  ws  have  an  nmfactcsrsMo  Qxgsrm^Lm,  In  tfef#  «&e©, 
wo  can  utilise  ih©  eolation  technique  tea  m  eoapletis^  th®  mgacs'Q,. 

In  this  salted,  by  mathematical  raanipfclfctlo&s^  m  mSm  tfes  Isit  ©id®  «£ 
the  equation  factorable  into  teo  factors  which  «p@  osepotly  ifes  ®ss® 
without  regard  to  what  is  on  the  rlg$st  add®  of  the  equates*  So  start 
off  with,  we  chift  the  constant  tom  to  the  s'tigpX  of  tho  eqm tie® 
and  divide  through  by  th©  constant  eoafi^Lciaat  of  the 
As  an  exasgsle,  in  lx2  -2 z  -  t  «  0,  «  wtmld  gat  - 
(a  +  2)  (a  +  2)  **  +  I*a  *  Ij,  wo  oaa  Hmt  if  tn  mx/zz^/m ioa  with  tho 

constant  coefficient  of  the  fmm  mfs&i  to  is  to  be 

factorable  into  two  identical  faotwr^,  iho  constant  tam  «®t  fee  tfeo 
square  of  one  half  tha  constant  omSSix&m*  of  Use  first  dagree  terra. 

We  can  see  that  we  moat  add  the  term  /<|  x  'jpj  to  both  sides  of  the 
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equation.  Thus  we  gat 

x2  -§**( 

or 


!  xi 


>)  '  3  *(!  1  ?) 


^*(jf  -  I  *(§/ 


H 


factoring,  we  get 
2 

■  ii 


♦(*)' 

taking  the  square  root  of  both  sides,  we  gut 

-i  ■ 


or 


1  +1/13 
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It  a^ould  bo  apparent  to  os  that  If  os  could  develop  a  general 
formula  for  tills  Biethod  <m  could  cave  &  lot  of  tic®,  to  develop  this 
formula  let*s  go  back  to  the  general  fora  of  the  quadratic  equation  sssi  .> 
do  the  cans  thing  with  sys&ols  rather  than  rashers.  faking  the-  general 
fora  of  the  quadratic  equation,  ar2  +  bx  +  0  **  0,  1st*  8  subtract  e  frsa 

both  sides  and  divida  by  a  and  get 

Jl  +  b  e 

a  a 

How  if  we  add  ^ ~  j  ^  to  both  sides 

Begot  x2  +  -|  *(|2)2 


which  can  be  factored  into 


subtracting  fron  both  sides,  uo  got 


which  ia  the  general  f omnia  for  solving  asy  quadratic  equations  with 
one  unknown.  Knowing  this  fomula,  all  wo  have  to  do  to  solve  ary 
quadratic  equation  with  one  unknown  is  substitute  in  the  values  of  a,  b, 
and  c. 

The  yb2  -  liac  part  of  the  formula  is  called  the  dstsnainant  because, 
knowing  it3  value,  we  can  foretell  what  fora  the  roots  of  the  equation 
will  take. 
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1.  b2  -  l&o  2*  0  vs  gab  tss  roots 

2,  b2  -  !?ss  *0  35  get  tso  ©<gal  roots 


-i.  b 


b2  -  iss  *C  0 


*e  gat  tso  tsreal,  cr  Ixssiasry,  roct3, 
(Bob  iaoltfsd  is  this  ecarso) 


Before  begissiEg  Uts  topic  of  qsafeatics  «ith  tso  sskjsrssa,  lfit»s 
try  soivtag  ts®  e^stiosa  asisg  tea  forsala* 

1.  Solve  r2  -  2s  -  3  “  0 

Solatiosi  a  *  1,  b  *  -2,  c  *  -3  io  tfcs  general  s^jaatioa 
_  _  4> 


& 


■  —  t <3B witim  — ~n n  «  le-*  i  ■  1 1 ,  _ 

2  CD 

+2  *j®£ 


'2  -jl;  ♦  12 


thex-ofcre  z  *  JLLii  *  3  cr  z  *  2  T  ^  =  -X 

2  *  ^  »**j 

Both  ansi*f32'B  check  asd  tho  eolation  is  &  good  ors3. 

2.  Solve  jbc2  +  2s  -  &  ®  0 

■Solutions  a  8  3j  b  «  2,  c**-h  la  tho  geaeral  eq^istioa 

acaLi.toCjSTcS 

2  (3) 


*  -2  * y  h  * 

w\mr m xw«a»r —  •  -  - 

6 

»  -2  t  2  fl 


■aZM  *  ±iM 


thoroforo  2  *  §3^  s  ■ 


-I  -fi T 
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Substituting  fee  roots  bsoJc  into  tbs  e^iaticm^  find  feey  check 


esa  sa  have  valid  roots. 

,  ?fesr  try  to  solve  tfcs  grofoless  ligrtad  below  and  see  if  ^ou  get  the 
ascarars  in  feo  aasssr  eolnsa. 


Exorcises; 

1#  Solve  X2  +  x  «*  20  *  0 
2.  Solve  x2  -  16  *»  0 
3<  Solve  x2  *  2  f2  x  -  c  *  0 

ii*  Solrs  Sx2  **  2x  »  2  *  0 

5.  Solve  t2*^Tt»l“0 

6.  Solva  ^x2+-|x-5*0 

?,  Solve  x2  +  2x  »  S 
8*  Solve  x2  +  6x  +  $  *  0 

9.  Solve  12x^  +  72:  n  12 
10,  Solve  9s2  +  12s  +  b  *  0 


Asa.  x  ■  h  asd  x  ®  «£ 

4as*  x  *  4?  ss&  x  *  4} 

x  **  */2  sm  x  **  ~3(2 

%  *m  .  .  «  1 

AX  eMMHfln Mr 


Ass*  x  * 


Ans*  x  *  2  SJSE3  x  *>4} 
Ass.  z  *  -1  ®sd  s  ®  *»£ 


Aas,  x 


x  *„ 


Ass*  x  «  «  J  and  z  Jj 


7Jz  Quadratics  wife  U5?o  Ibteasvas* 

Just  as  with  linear  equations*  «e  zasst  feavo  a®  equation#  as 
vs  have  mkcowss  is  vrder  to  get  a  solution  to  a  proftLsa,  Prefer© , 
with  two  sakaesss  we  mst  have  taro  equations,  Fife  only  one  equation  trnd 
fee  onknewss,  vs  will  be  reduced  to  datars&sEfeg  case  wi&blo  is  ferns  &f 
another  and  will  not  be  able  ts  do  anything  o^sept  develop  a  series  of 
ordered  pairs,  We  can  then  use  the  ordered  padre  to  plot  fee 


toe  equation.  Having  two  eqsatiima  *jith  too  uslsassmt*  hossfm'f  will 
cfesnga  this  sitoatlua,;  sM  ws  idil  b©  able  to  get  a  solubles  to  ths 
problea  yjatoeasticellyj!  that  is,  v®  will  kern?  what  faltsai  of  toe  variables 
will  satisfy  both  equations.  Of  cos?®®*  w©  could  sleo  solw  to©  problem 
graphically  $sst  m  can  be  dona  with  too  usfeas^ss  in  lias&r  aviations, 

Tb®  mthod  w®  ass  to  solve  on?  problem  sill  depcai  upon  ih©to®r  both 


toe  linear  action  as  a  mans  of  expws&flg  esa  firimbla  in  toms  of  toe 
ctosr^aKd  than  gabetitoto  this  ral*tS«B^fe$|>  into  to®  quadratic  option 
go  that  wo  get  a  quadratic  with  one  unfeecm.  Tzmsm  eaa  obtain  to®  roots 
for  one  variable  fairly  easily  by  -still sing  to®  general  fern il®  for 
solving  quadratic  equation®  with  on®  safe-sown  or  by  factoring.  As  aa 
axaspX©,  suppose  >;s  want  to  find  the  roots  that  satisfy  too  folXcsrfng 
equations* 

3x  ■*■  2y  “  5 


and 


x2  -  sy  +  2y  *  7 


Solution:  Manipulate  to®  linear  equation  ©sad  egress  y  in 
toms  of  x,  that  is  y  » 


Substitute  this  into  the  saoood  aquation  a*4  got 
-  x{  20, 


*  2 


x 


2» 


* 


-  T 

7 


Ws  can  noltiply  by  2  and  gat 

£x^  -  3-5^  *  5x  +  6x  •»  10  «  lh 


no. 


»y^->-.—-) 


Sollectdsg  terss,  gst 

•s2  *  21s  ~  2a  ®  0 
Hos^if  vs  ES&l&ply  by  «1,  r-s  gas 

s2  -  ns  ^  *  0 

uMeh  «e  aaa  factor  isfcs 

(s  “  3)  {s  «  8)  w  0 
sad  dstcxstes  that 
s  **  3 
z  »  8 

Both  answers  checks  so  us  snbertibnt**  the  rests  into  the  linear 
©{^nation  and  get  wo  corresponding  mln^s  of  y, 

la  this  problem  far  z  ®  3*  y  *  ^Ln^zA  ■  2 
aad  s  «  0,  y  ®  MA^zA  *  1|  . 

Thuj  s®s  that  vs  fcg©  pssgd&is  golatloaa  to  the  probl m*  ¥<s 
arrange  tfes  rests  in  ths?  fora  of  ordered  pairs  because  the  s  and  y  valuas 
are  dependent  upon  ob&  another  jt  that  is,  vo  *arit®  the  solution  as 
(s  *  3,  y  ^  2),  (s  *  8,  y  •  |£),. 

inothsr  situation  that  v©  could  easeuateaf  would  be  osq  there  v®  bad 
only  the  sqaarsa  of  tbs  tEskanans.  Thus  if  o®  uaJteosas  ware  x  and  y,  m 
voald  oa2y  cave  x2  aisi  y2  taras,  TMs  type  of  preK'*5  is  easy  to 
ao&va  sines  it  is  stellar  to  solving  linear  equations  vith  two  uakr.jsas. 
that  is,  we  mthemtde&lly  isasipalafe®  the  equations  until  the  constant 
coefficients  of  one  of  the  scored  unknowns  are  alike  in  both  situations. 
Then  m  add  the  tso  equations  or  subtract  oa®  froa  the  other  so  that  m 
and  up  with  on®  sheared  unknown  and  a  constant*  Obviously,  the  next  tiling 
m  &ouM  do  is  take  the  square  root  of  the  constant,  This  give®  us  a  plus 

111. 


fca«w5»»«^  <' 


ssd  s.  glass  root-  for  ess  of  the  ssJsaoaas.  Saa  ^sst  ss  here  to  do  is 
substitute  t&3s-2  teo  ^s23®s  igte  os4?  of  the  ts®  eesattiess  snd  gst  the 
'tsits^  of  t&s  oike?  <52jssi«d  tskBKsa*  By  zaiha^ttosl  ^2jXpa3at5as%se 
gei  a  assr  sssatsab  sMeh  is  ©^i  ts  i&o  egegrod  usJssossu  fafelzg  sizars 
seste  e?  both  sides  <3^2  get  §  pins  scd  a  hIsss  rsob  teg  the  ssoosji 

Ss?BS^5SPj,  hoawer,  thst  sb  igss?  foa?  pzirz  cS  soots,  that 
•iflrjt  ifs  bars  the  fe?  Talciss  <gi'  th£  first  uskia&sa  ssd  6  f&sa  ard  a  sl223* 
root  of  tfcs  sooasd  uaksKm  to  go  along  s&ta  ©sols  of  ths  roota  of  tfe® 
uakcnnw  to  clarify  0tsr  t|j3^d2gslat*g  fiad  the  solution  to  the 
folletdag  actions* 

*  Sx2  +  Hy2  *  65 

2x2  +  ^5  »  25 

Solutions  Multiply  seecffia  sqsation  by  It  and  get 
Bx2  +  12y2  *  300 

Subtract  this  fros  tbs  first  aquatics  is  tha  follesing  sasscrs? 

Bs2  *  5y^  a  65  | 

8z2  +1^2  «  100  j 

-  Tt*  *  -35  j 

y2  *  5  j 

'iss&S^j  square  roots  y  *  ^jfjT*  | 

Shea  k©  substitute  both  roots  of  y  ia  tfas  first  option  asd  j 

X 

S3  got  »-*>  O  a  | 

fa?  y*®  *f$,  Ss2*  5  C*V?)2  "  65  | 

8s2  +  5(5)«  65-65  j 

8s2  «  65  ~  25 

*2"  5 

| 

ta^gg  squaso  roots,  z  *  5  | 

for  y  »  -f?#  Bz2  ♦  5  (-‘Jl)2«  65  I 

Sx2*  5  (5)  •  65  j 

fie2  *  65  -  25  i 

x2  *  5  I; 

♦  | 

112*  1 


ttr 


t&Jdsg  sqssrs  roots,  %  a  t  '/f 

la  this  particular  'aisles  the  roots  for  ©ash  uatecrsft  are  eiE&ler, 
but  this  occurs  rathsr  infrequently*  On©  &isg  that  Is  alsays  tree 
though  s&sa  ■b®  hafa  only  gqs^rad  tssfesssss  is  that  there  @111  als^s  be 
four  pairs  of  values  that  satisfy  the  equations,  esd  that  thsre  sill  bo 
cssly  ess  absolute  ralss  of  the  root  for  each  tsskKssa*  ffeie  is  pointed 
out  by  tfcs  paired  roots  of  the  equations  is  the  aboira  exss^o,  tMoh 
sr>s  (x  »  *|T,  y  ®  +fl),  (x  »  *f5 »  y  *  -fS) ,  (2  0  4i,  y  »  +$f) 
and  (x  »  «*^,  y  *  -0} .  Kobe  hear  the  absolute  valtss  of  the  x  root  ie 
altsays  fT  asd  the  absolute  value  of  the  y  root  is  always  0,  S iaoe 
acothar  oxacpls  chore  tha  roots  era  sot  tho  sms  aosld  probably  solidify 
our  thinking  oa  this  typa  probles,  let*  a  try  aaothsr  tableau 
Solve!  3x2  +  *  2? 

ioc2  -  ^2  *=  33 

Solution?  Multiply  ths  first  equation  by  3  cxs3  caccad 
equation  by  2  and  got 

9xa  +  6y2  a  87 
Sx2  -  Sy2  «  66 

Addict  the  second  equation  to  the  first,  so  gat 

17s2  »  153 
x2  *  9 

taking  square  roots  ss  gat,  2  *  “43 

Substituting  x  *  *3  in  the  first  equation,  ko  got 

3(+3) 2  +2^-29 
27  ♦  2J2  «  29 
*  2 

*  1 

Sakiag  square  roots,  ts9  get, 
to  go  with  x  *  +3 

1 13. 
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Substituting  x  ”  -3  in  tfea  first  sq^tioa5  m  gst 

3(«3)2  *  2^  « 

2?  ♦  «  29 

2y^  *  2 
3^  w  X 

This  ffissaa  «s  hOT®  ihs  roots  y  ®  &  X  to  go  «44fe 
x  *  »3«  Thus  ws  can  ses  that  ©ur  etatsssasfe  holds  tenss 
even  sfees  the  scots  of  tbs  variables  as©  dltfereato 
Onr  aj^sro&oh  when  we  sro  faced  «£ta  all  the  %mm  bsing  a?  t&e  m&ozd 
degree,  such  as  In  t&a  equation  x2  +  fey  +  bj^  *  6  is  s  little  different. 
Is  this  ease,  sa  ssnis^Xata  the  actions  so  t&nt  ^  can  oXi^mfee  ils-s 
constant  and  Mien  ¥8  solve  one  uakms®  in  terms  oi  th©  other  asknos®  sn& 
substitute  this  value  into  one  of  ths  editions.  Host,  w®  work  until  m 
om  get  a  nasfeer  value  for  tbs  second  unknown.  Since  IMs  is  probably  a 
little  confusing,  lei*s  work  as  exsaag&e  gad  see  b<m  it*®  done* 

Let* a  solve 

2xr  *  lisy  *■  6*9*  ®  6 
2s2  *  fey  «  XQy2  *  8 

Solutions  First,  sailtiply  tiso  first  equation  by  1$  and  the 
second  sq&atiesi  tsgr  3  to  get  tbs  ooasbsabs  equal,  ‘ibis  gives  us 
8s2  *r  1 &y  ♦  2%^  *  2li 
6x2  *  Ifey  «  SOy2  *  2l& 

Subtracting  the  second  fro®  tfes  first,  m  gat 
•Ss2  »  31  xy  *  fe  y2  88  0 

We  can  now  factor  what  m  have  and  solve  x  in  tons®  of  y  or  y  in 
bes?®0  of  xP  That  iss  (x  «  5%f)  (2x  ®  2?y)  **  0 
Setting  factors  equal  to  0 

x  **  2y  and  x  Q  ,J|  y 


11)}. 


¥©  could  also  solve  by  the  fors sals  f<a?  solving  a  qssdr&t is  cf  o&o 
uakaoisa  if  we  coasidsy  a  *>  2,  b  *  »32y,  aad  o  ®  i&y^  in  wtiioh  ease 


x.  -(-33?)  *f(-3l?)8  -  «2T~5te^ 
2  (2) 


it  it 


fha  next  thing  ws  do  eft®?  getting  one  unkaoim  ia  terras  of  the 
second  unknown  is  substitute  this  value  into  one  of  the  equations.  I«t*s 
substitute  x  ®  2y  bask  into  the  second  equation  and  we  *11  get 

2{2y)2  +  5(2y)  (y)  -  IQy2  *  8 
By5  +  lOy2  «  IQy2  ®  8 

8^2  «  g 

y  “tl 

Knowing  that  when  x  *  2y  that  y  “  *  l^ue  can  turn  our  thinking 
around  and  see  that  when  y  ®  «1  that  z  *  +2  and  When  y  *  »1  that  x  *  -2. 
We  mw  have  two  ordered  pairs,  naaelyj  {x  “2,  y  *  1)  and  (s  *  »2,  y  ®  -1) 
How  let*®  substitute  x  *  -£|  y  back  into  the  second  equation  and  see 


KtiLt&g&ylng  thresh  by  the  least  cosssm  denoisimtor;  2,  wa 
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7292T2  +  X-lSy2  -  SQy2  * 
81iij  y2  “  16 
9  16 

r  *  rn 


Taking  square  roots  we  gat 


Again  turning  our  thinking  around,  we  can  determine  that 


when  y 


,  x  must  equal  .|2  x 


or 


27. 

sm 


and  when  y  3  -  •£—  #  x  ,  This  gives  U3  our  second 

mm 

pair  of  roots,  namalys 


Now  that  we  know  how  to  find  the  roots  of  two  quadratic  equations, 
'we  sdght  say  "so  what".  Wall,  the  value  of  this  knowledge  is  that  ws  can 
solve  problems  where  we  have  two  unknowns  that  affect  two  or  ssore  phases 
of  a  problem.  Using  these  unknowns,  we  express  each  phase  of  the  problem 
in  the  form  of  an  equation  and  solve  the  equations*  As  an  emng&e, 
consider  supply  and  demand  problems.  If  the  functions  for  supply  and 
demand  were  quadratic  equations,  each  with  the  same  unknowns,  we  could 
find  the  pointy  where  the  curves  crossed  (equilibrium  point)  end  could 
thus  tell  at  what  prices  supply  would  meet  demand. 

Now  try  the  problems  given  below  and  see  if  you  can  get  the  answers 
given. 

Exercises} 

1.  Solve?  3x  »  2y  3  J?  krm,  (x  s3,  y  *  2)  (x  *  8,  y  *  i|) 

x2  «  sy  +  2y  »  7 


116. 


Aus.  (3£*1,  y«l)  (only  on®  eolation) 


2.  Solve?  2xy  «  +  1  a  o 

Sht  *»  3y  +  1  **  0 

3.  Solves  3s2  -  Sy2  a  -5  Ans»  (s  *  *>  ,  y  *  It)  (s  *  y  **  «l$) 

l*x2  +  y2  «  116  (x  ■  -5,  y  ■  10  (x  ■  «£,  y  ■  -4t) 

li.  Solves  x2  4-  «  ]|  Ans,  (x  «  y  »  -0*7) 

^  *  1  (x  *  1.1?,  y  »  0.7) 


The  use  of  the  aatheaiticaX  procedures  outlined  above  are  fine » 
but  they  can  be  somewhat  tedious,  so  whenever  we  can,  wo  solve  quadratic 
equation  problems  with  two  unknowns  with  graphs.  The  asthodisrfe&lly 
simple  and  all  we  do  Is  lay  out  c  k*  graph  and  for  each  equation  determine 
for  various  values  of  on©  variable  the  corresponding  values  of  the  other 
variables.  Then  we  plot  the  ordered  pair  for  each  equation  and  connect 
the  points.  Examples  of  this  procedure  are  shown  in  Figures  7-1  through 
?«4t.  The  points  where  the  curves  cross  are  solutions.  In  plotting  the 
graph  of  quadratic  equations, we  must  be  particularly  careful  to  reseller 
that  where  we  fc*ve  square  roots  -tier®  ar©  two  answers,  plus  and  rainun,  for 
every  value.  In  addition,  wo  should  instantly  dieaiso  ary  plots  of  negative 
quantities,  when  such  cannot  practically  exist.  Wo  should  recall  from  an 
earlier  chapter  that  if  we  nave  only  one  unknown,  "fee  solution  lies  on  a 
straight  line  perpendicular  to  that  unknown*  s  axis  at  the  value  cr  values 
of  the  unknown  that  satisfies  or  satisfy  the  equation. 

How  we*  11  take  the  rasa  problems  as  in  section  7*1|  and  solve  them 
by  graphical  methods.  The  colutions  are  shown  in  Figures  7-1  through 
7"h,  respectively. 


If  you  understand  shat  ye  have  covered  go  far t  the  solution  of 
the  following  problems  should  ba  no  great  effort.  2t  is  suggested  that 
you  solve  ths  problem  jsathenatieaily  and  then  solve  thsa  graphically. 


1.  Solve* 

3;  -  y  »  1 

X2  +  y2  0  13 

Ans.  (x  -  3>  7  *  2)  (x  *  -2#  y  •  -3) 

2*  Solve* 

X  +  l?y  *  9 

x2  +  hy  m  9 

Ans.  (x  *  0,  y  ■  |)  (x  a  l,y*  2) 

3»  Solve* 

3x  +  l*y  0  7 

Ans.  (x  *  1,  y  «  1)  (x  •  1*9#  y  *  -3$) 

x2  +  x  »  2y2 

h*  Solve* 

xy  -  7x  +  by  "  12 

3y  -  2x  -  1 

km,  (x  *  8 ,  y  »  ^2)  (x  »  -2,  y  “  «1) 

5.  Solve* 

x2  +  y2  *  13 

Ans.  (x  »  3,  y  *  2)  (x  *  3,  y  *  -2) 

3x2  -  hy2  »  1 

(x  «  -3,  y  “  2)  (x  “  -3,  y  "  -2) 

6.  Solve* 

Jjx2  -  2xy  +  y2  0  3 

Ans.  (x  *  y  »  2)  (x  *  y  **  *2) 

8x2  +  6xy  -  3y2  ■  -is 

(x  -  y  -  1)  (x  y  «  1) 

m?m  8 


mmmom 

8.1  Introduction. 

ww i  iwwawwwwww* 

If  m  were  to  walk  down  an  avenue  in  a  large  city  and  observed  that 
first  we  crossed  First  Street*  then  Second  Street*  then  Third  Street,  etc., 
we  would  soon  realise  that  we  were  crossing  streets  which  were  numbered 
in  some  sequence.  Unless  we  were  real  dunces,  we  could  heurietically 
determine  that  the  next  street  we  would  cross  would  probably  have  a  number 

one  unit  greater  than  the  number  of  the  last  street  m  crossed.  If  we 

\ 

try  bo  visualize  what  has  occurred,  we  can  see  that  we  have  followed  some 
rule  or  formula  which  indicates  what  the  next  street  number  will  he.  In 
thlB  case,  we  have  simply  added  one  to  the  previous  street  number.  An 
orderly  sequencing  of  numbers  such  as  this  allows  us  to  determine  what  - 
thf  next,  or  the  second  following, or  the  nth  (where  »  is  the  literal  symbol 
for  the  number  we  want)  following  number  will  be.  Such  a  sequence  is  what 
is  known  in  the  mathematic’s  world  as  a  progression.  Due  to  the  mathematical 
manipulations  involved, we  classify  progressions  as  being  either  arithmetic 
cr  geometric  progressions. 


Arithmetic  progressions  are  those  progressions  in  which  the  next 
number  is  determined  by  adding,  or  subtracting,  a  constant  amount  from 
the  previous  number.  In  our  street  crossing  example,  we  added  one  to  the 
previous  number  to  determine  the  number  of  the  next  street  wo  would  cross. 
If  when  we  got  to  30th  street  we  decided  to  retrace  our  steps,  we  would 
assume  the  next  street  wo  crossed  would  be  numbered  one  less  than  the  most 


recenb  street  we  had  crossed*  2£th  street,  In  this  case,  w©  have 
subtracted  one.  In  other  arithmetic  progressions*  it  Is  possible  tha*. 
the  constant  difference  will  be  something  other  than  1.  kn  es^gnpl©  of 
a  difference  other  than  1  would  be  successive  Leap  Tears  in  which  the 
constant  difference  is  h  years*  (i.e.,  1932#  1936*  I9h)h  ©tb4» 

Knowing  what  arithmetic  progressions  are  and  how  they  are  form d, 
we  can  proceed  to  determine  any  term  in  a  progression  once  we  know  one 
term*  its  relative  location  in  the  progression  and  the  ^common  difference 
between  terms.  In  order  to  reduce  our  confusion  to  a  minima*  we  win 
start  off  with  those  cases  in  which  we  know  the  first  tom,  Now  let* 8 
develop  a  system  for  determining  the  value  of  the  nth  (where  n  stands 
for  the  number  of  the  term  we  are  looking  for)  term  of  an  arithmetic 
progression.  First, we  let  the  literal  symbol  a  stand  for  the  value  of 
the  first  term  and  the  literal  symbol  d  stand  for  the  constant  difference 
between  terms.  Now  we  can  express  the  terms  of  a  five  term  progression 


as  follows: 

First  term 

a 

a 

Second  term 

a 

a  +  d 

a 

a  +  d 

Third  term 

V 

second  term  *  d 

m 

a  *  2d 

Fourth  term 

a 

third  term  +  d 

m 

a  +  3d 

Fifth  term 

a 

fourth  term  +  d 

n 

a  +  lid 

By  reflecting  for  a  moment  on  the  value  of  the  multiplier  of  d,  we 
can  see  that  the  value  of  a  term  is  equal  to  the  value  of  the  first  term 
plus  the  number  of  the  term  we  want, less  1, times  the  common  difference. 
Symbolically,  if  we  let  the  literal  symbol  tn  stand  for  the  value  of  the 
term  we  are  interested  in,  we  get* 

tn  »  a  +  (n-1)  d 


122, 


Proof  that  this  formula  will  work  can  he  shewn  mathematically,  For 
example,  let  a  *  h  and  d  ®  3  and  assume  that  m  want  to  find  the  value 
of  the  eeventh  terra*  By  substitution,  vs  get* 

■  I*  +  (7  «D  x  3  »  h  *  (C)  x  3  *  22 
We  can  cheek  this  by  doing  it  the  long  way  and  gettings  Hi,  7,  10, 

13,  16,  19y  22 , 

In  some  cases,  we  may  desire  to  know  not  only  the  value  of  tbo  nth 
term  but  also  the  cumulative  total  of  the  terms  in  the  arithmetic 
progression  up  to  and  including  the  nth  term*  One  reason  might  be  to 
determine  total  earnings  over  a  period  of  time  if  we  ware  to  start  with 
a  stated  salary  and  would  receive  yearly  salary  increases*  An  example 
would  be  trying  to  compare  whether  you  would  receive  more  money  over  a 
ten  year  period  of  time  from  a  plan  that  started  you  at  01,000  a  year  with 
#100  yearly  increases,  or  from  a  plan  that  started  you  at  $1300  a  year 
with  $$Q  yearly  increases.  Obviously,we  could  figure  out  the  value  for 
each  terra  and  then  add  all  of  the  values,  however,  this  could  involve 
considerable  work  and  would  be  a  more  complex  problem.  Therefore,  let»s 
develop  a  way  to  figure  this  easily.  First,  if  we  ware  to  sura  all  the 
values  and  divide  by  the  number  of  terras  we  would  have  the  average  value 
of  the  terras  in  the  progression.  It  should  follow, then, that  if  we  know 
the  average  value  of  the  terms  and  number  of  terms  in  a  progression  that 
we  can  get  the  sum  of  the  terms  in  the  progression  just  by  multiplying  the 
average  value  by  the  number  of  terms.  Fortunately  for  us,  the  average  is 
easy  to  find  when  there  Is  a  constant  difference  between  consecutive  terms 
because  all  we  have  to  do  is  add  the  first  term  and  the  last  term  together 
and  divide  by  2.  This  can  be  proved  mathematically  but  a  few  examples 
will  suffice  for  this  text.  Assume  the  progression  is  1,  3,  $,  7. 
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Average  *  LJ  «  Algo  1  +  7  *  8  and  J  ®  li, 

h  h  2 

For  the  progression  7,  XI,  l£,  1?,  23,  the  average  is 

»  ^  »  35,  Also  JL|Jz2  «  J2  *  lj?.  Xf  we  let  stead  for 

5  2  £ 

r 

the  sum  of  the  value  of  the  first,  n  terms,  t^,the  nth  tej%a©i  n  for  the 
number  of  terms,  m  get  the  following  equations 


Sn  ®  n 


(&  *  %) 
~T~~ 


hut 


so 


tn  «  a  +  (n»i)  4 
Sn  - .  n  [Ll^iS^L0  * 

In  our  example  where  a  a  h  and  d  M  3,  we  would  find  the  sum  of  the 
first  7  terms  in  the  following  manners 

S7  -  7^w.MT  -  D._(a)^ 

•  ’■  l2^] 

■  (?)  ( 

«*  91 

It  is  left  to  the  student  to  prove  this  fact  by  adding  the  values 
of  the  7  terms  of  the  progression. 

An  Infrequently  seen  variation  of  the  arithmetic  progression  is  the 
harmonic  progression.  In  a  harmonic  progression,  we  have  a  series  of 
fractions,  the  reciprocals  of  which  form  an  arithmetic  progression.  An 
example  would  bet  p  p  p  j*,  p  etc.  For  ease  of  computation,  it 
would  be  best  to  always  manipulate  the  fractions  so  that  the  numerators 
were  equal  to  1.  Then,  knowing  the  reciprocals  form  an  arithmetic 
progression,  we  can  easily  see  that  what  we  have  is  i,  ate 


Obviously,  we  determine  the  values  of  the  various  denominators  in  Hie 
Bam  say  m  determine  the  value  of  the  nth  term  of  an  arithmetic  pr o« 
gresaion.  Examples  are  given  below*  There  is  no  known  easy  method  of 
getting  the  sum  of  the  n  terms  of  a  harmonic  progression. 


Before  going  on  to  determining  the  values  of  missing  terms,  it 
would  bs  ^ise  to  go  through  the  following  examples  until  you  are  convinced 
of  the  correctness  of  the  answers. 

1.  Find  the  eighth  term  of  an  arithmetic  progression  where  a  *>  8 
and  d  »  5>. 

Solution:  to  «  8  +  (8-1)  ($)  •  8  +  &  *  1&-  Ans. 

2.  Find  the  sixth  term  of  an  arithmetic  profession  where  a  *  £ 
and  d  “  -6. 

Solution*  t$  »  £  +  (6-1)  (-6)  «  $  -  30  ®  -2g  Ans. 


3. 


Find  the  seventh  term  of  an  arithmetic  progression  where  a 
and  d  **  jj. 


1 


% 


Solution* 


%  +  (7  -  1)  (  -|)  “  I*  +  <jjj  *  ij*  Ans. 


!i»  Find  the  fourth  term  of  the  harmonic  progression  where  the 
first  term  is  j-  and  d  ■  2. 

Solution*  Find  the  reciprocal  of  .  It  is  1*. 
Then  tj^  *  h  +  (h  -  1)  (2)  «  k  *  6  *  10. 

i 

Fourth  term  «•  reciprocal  of  10  or  i_  Ann. 

10  ^ 

S*  Find  tho  fourth  tom  of  the  harmonic  progression  where  the 
first  term  is  2/3  and  d  »  3. 


Solution:  Change  faction  go  that  the  numerator  is  .ee$al  to  X. 

To  do  this  we  divide  numerator  and  denominator  by  2  in  th© 
following  manner: 

Then  we  find  the  reciprocal  of  the  fraction*  It  is  3/2. 

Thus  %  «  3/2  +  (it-1)  (3)  3/2  +  ?  “ 

The  fourth  term  of  the  harmonic  progression  equals  the 

reciprocal  of  iS:  or  - 

2  21  21  Ane. 

~r 

How  that  we  know  how  to  find  the  nth  term  of  an  arithmetic  progression, 
let*  s  find  a  way  to  determine  the  values  of  terras  in  between  two  known 
terms.  The  values  of  these  unknown  terms  are  called  arithmetic  means.  If 

n aw  mmr  » 

we  think  of  a  straight  line  of  fence  posts  as  forming  an  arithmetic  pro- 
gres3ion,we  can- work  up  to  our  method  for  finding  arithmetic  means.  Assume 
between  the  first  and  last  post  that  we  want  to  put  in  6  posts,  giving  us 
a  total  of  eight  posts,  and  that  we  want  all  posts  equally  spaced  apart. 
Then  tbu  first  post  will  serve  as  the  beginning  of  the  first  space.  The 
second  post  will  serve  as  the  end  of  the  first  space  and  as  the  beginning 
of  the  second  space.  The  third  post  will  serve  as  the  end  of  the  second 
space  as  the  beginning  of  the  third  space,  skipping  along  a  bit,  we  find 
the  seventh  post  serves  the  end  of  the  sixth  space  and  the  beginning  of 
idle  seventh  space,  while  the  eighth  post  serves  merely  as  the  end  post  of 
the  seventh  space.  Thus,  we  see  that  there  is  one  care  post  than  the 
number  of  spaces.  Now  if  we  attach  consecutive  terra  numbers  of  a 
progression  one  to  a  post,  we  can  see  that  the  difference  of  values  of 
consecutive  terras  win  be  equal  to  the  difference  between  the  values  of 
idae  first  term  and  the  last  term  divided  by  a  number  equal  to  the  number 


2/3 


2/2 

—MOW 

3/2 


1 

3/2 


126 


„  fa  >‘v^ 


of  terms  lees  one  because  there  is  one  less  number  of  spaces  than  there 

are  posts,  Syjsbolically^we  could  writes 

d  ®  ^n*^ 
n-1 

The  value  of  d  can  also  be  obtained  by  solving  the  equation  %  "  a  *  (n«l)  .& 
for  d.  Having  found  the  value  of  &,we  can  then  proceed  to  find  the  values 
of  the  missing  terms. 

.Examples} 

1.  Find  the  h  arithmetic  means  in  the  six  term  arithmetic  progression 
where  a  **  h  and  tn  «  lh. 

Solution*  d  =  M  „  2 

Arithmetic  progression  B  kj  6,  8,  10,  12,  ih.  Ans. 

2.  Find  the  it  arithmetic  means  in  the  six  term  arithmetic  progression 
where  a  **  it  and  tn  »  16. 

Solutions  d  a  ^  »  s.b 


Arithmetic  progression  °  it,  6,k}  8.8,  11.2,  13.6,  16  Ans. 

3.  Find  the  3  harmonic  means  in  the  five  term  harmonic  progression 
where  the  first  term  is  ^  and  the  last  term  is  ^  . 

Solution:  The  reciprocals  of  the  fractions  are  2  and  6,  respectively, 
then  d  »  *  j*  **  1.  Therefore,  the  values  of  the 


reciprocals  of  the  terms  are  2,  3,  it,  f>,  6  and  the  harmonic 
11111 
2*  3*  P  P  6  Ans. 


series 


8.3  Geometric  Progressions. 

Geometric  progressions  are  those  progressions  in  which  the  successive 
terms  differ  from  each  other  by  same  constant  multiplier.  The  multiplier 
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can  be  either  a  fraction  or  a  whole  number.  If  we  let  a  ®  the  value  of 
the  first  terra,  n  33  the  number  of  the  terms  we  are  interested  in,  and 
r  *  the  value  of  the  multiplier,  we  would  have  the  following  values  for 
the  first  five  terras  of  a  geometric  progression? 


First  terra 

St 

a 

a  a  r0 

Second  terra 

53 

first  terra  x  r 

®  a  r^- 

Third  terra 

S3 

second  terra  x  r 

»  a  r2 

Fourth  terra 

« 

third  terra  x  r 

**  a  r^ 

Fifth  terra 

ts 

fourth  terra  x  r 

e  a  r^ 

section,  we  can  see  that  the  exponent 

of  the  constant 

multiplier  is  n-l.  Thus  we  can  set  up  the  general  rule  that? 

tjj  °  a  r^n“^ 

As  proof,  let  us  determine  the  seventh  terra  of  a  geometric 

progression  in  which  a  =  6  and  r  °  2.  Substituting  in  the  formula, 

we  find?  /7 

tjj  «*  6  x  2-  }  °  6  x  tP  a  6  x  6b  »  381j 

Checking  by  multiplying  each  term  by  the  multiplier  gives  us  the  following 

terms:  6,  12,  2b,  b8,  96,  192,  38b.  It  checke. 


The  moat  common  application  of  geometric  progressions  is  the 

determination  of  the  amount  of  nwney  we  will  have  at  the  end  of  a  certain 

period,  if  we  invest  it  at  a  compound  interest  rate.  In  computing  the 

amount,  we  must  consider  the  initial  amount  invested  as  being  the  first 

* 

post  in  our  line  offence  posts.  Then  at  the  end  of  the  first  period,  we 
are  at  the  second  post,  where  the  value  equals  the  amount  invested  plus 
the  interest  rate  times  the  amount  invested.  Symbolically,  if  we  let  the 
literal  symbol  stand  for  the  amount  at  the  end  of  period  K,  the 
literal  symbol  P  stands  for  the  amount  initially  invested,  and  the  literal 
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symbol  i  stand  for  the  period  interest  rats*  sre  ccu^d  writes 
For  the  end  of  first  period  °  p  +  i  p 
For  the  end  of  second  period  Ag  *»  A-^  +  i  A^ 

but  A^  a  P  +  iP,  so  A2  «  p  +  i  p  +  i  (p  +  i  p) 

A2  «*  p  +  ip  +  ip  +  i?p  «  p  (1  +  2  i  +  i2) 

Factoring  we  get  Ag  »■  p  (  1  +  ±)2 


We  should  note  that  the  exponent  of  the  multiplier  (1  +  i)  is  the  same 
as  the  subscript  K  for  A.  Since  it  can  be  proved,  but  won’t  be  here, 
that  this  relationship  always  holds  true,  we  generalize  and  write  the 
equation  as  follows: 

Ak  »  P  (1  +  i)k 

That  is, the  amount  of  money  at  the  end  of  k  periods  equals  the  initial 
investment  multiplied  by  the  factor  1  plus  the  interest  rate  raised  to 
the  k  power,  . 

I 

j 

As  an  example,  suppose  we  invest  $1,000  at  a  compound  interest  rate 
of  6%  per  annum,  conpotmded  annually,  and  want  to  know  how  much  money  we 
will  have  at  the  end  of  ten  years. 

Solution:  A^0  “  P  (  1  +  i)10 

»  1000  (1  +  ,06) 10 
■  1000  (1.06)10 


a  $1,790.80 

Note  that  this  is  the  amount  of  money  we  will  have  at  the  end  of 
10  years.  It  is  not  the  amount  of  interest  earned,  determine  the 
amount  of  interest  earned,  we  must  subtract  out  tho  $1,000  which  we 
initially  invested.  As  another  example,  suppose  va  want  to  find  out  how 
much  interest  an  investment  of  $1,000  will  earn  over  10  years  if  the 


i 


§ 


'  ? 
4  J 
\ 

i 

? 


u 

&  ! 
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interest  rate  is  %  per  six  month  period  and  coj^poundod  seml»annuaX3y>, 

Solution*  Notice  that  there  will  be  20  periods  so 

\ 

m  are  looking  for  the  amount  earned  over  20  periods*  Then* 

Ago  *  1000  (1  +  .03)  20 

A 20  »  1000  (1.03) 20 

A20  a  $1,806.10 

But  the  amount  of  interest  earned  equals 

Ago  “  Ao  °  ^-1806*10  -  1000  $ 806.10  Ans. 

Geometric  progression  procedures  can  also  be  applied  in  determining 
the  amount  of  some  characteristic  remining  of  a  material,  if  we  know  the 
rate  of  deterioration  of  the  characteristic  and  the  amount  of  the 
characteristic  we  are  starting  with.  In  this  case, the  multiplier  would 
be  something  less  than  one.  It  must  b8  remembered  here  also  that  the 
initial  amount  corresponds  to  tile  first  term  so  that  at  the  end  of  the 
first  period  we  are  looking  for  the  second  term  in  the  progression.  As 
an  example,  let’s  assume  we  have  a  policy  of  spending  half  of  the  money 
we  start  a  year  with  during  that  year,  that  we  start  with  $1000,  and  that 
we  want  to  know  how  much  we  will  have  spent  during  the  third  ye  fir. 

i 

Solutions  Tvfhat  we  rsally  want  is  the  difference  bhteson  wha,t  we 
have  at  the  end  of  the  second  year  and  the  end  of  the  third 
year.  Since  zero  years  is  at  the  first  term,  we  are  trying 
to  find  the  difference  between  the  third  and  fourth  terms. 

To  do  so,  let’s  find  the  third  and  fourth  terras  and  subtraot 
the  fourth  term  from  the  third  term.- 

t3  »  1000  (  |  )2  tjj  0  1000  (  |  )3 

t3  0  1000  (  1  )  tj,  0  1000  (  1  ) 
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“  2#>  t|j  *  12$ 

-  t|j  B  #250  «  $12j>  ®  $12$  spent  during  tha  third  ymt. 

As  with  arithmetic  progressions,  wa  my  desire  to  obt&in  the  tma  of 
all  the  terms  in  a  geometric  progression.  For  example,  if  wo  ware 
doubling  our  bats  at  the  dice  table  without  winning,  vs  might  like  to 
know  how  much  we  have  lost,  so  wa  will  derelop  a  formula  for  tha  sum* 

If  wa  let  the  literal  symbol  Sn  stand  for  tha  sum  of  n  terms,  wo  hare 
Sn  *  a  +  ayl  +  ar2  +  ■»*««.  +  gj,(n«l)  (ujjgr©  +  mmmt^ 

indicates  that  terras  have  been  left  out.) 

Than  if  wa  multiply  both  sides  of  the  equation  by  r, 
we  get  a  second  equation  where 
r  Sn  »  ar  *•  ar2  +  ar^  +  •*«•»«+  ar° 

How  let*  a  subtract  the  second  equation  from  the  first  a»3  we 
will  get 

Sn  -  r  Sn  ■  a  +  ar  +  ar2  +  «-^arvn-l)  - 
ar  +  ar2  +  ar^  +  ««•<•*•  +  ar11 
which  simplifies  into  Sn  -  r  Sn  "  a  -  srn 

which  can  be  further  simplified  into 

,  Sn  (l-r)  *  a  (l-r11)  or 

•  » 

S 

As  an  example,  if  we  want  the  sura  of  tha  first  five  terras  of  a 
geometric  progression  in  which  a  ■  10  and  r  “  2,  wa  would  get* 

Sj  .  M-tS*--  0 

<2  -  W 


a  (l-rn) 
(l-r) 


(r-1) 
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sphere  the  number  of  teres  increases  without  limit,we  have  what  is 
called  an  infinite  geometric  series.  Finding  the  earn  of  the  terms  in 
this  case  is  impossible  if  our  multiplier  is  greater  than  1  because  a 
ntrober  greater  than  1  raised  to  infinity  is  infinity.  Where  the 
multiplier  is  X,  the  sum.  is  also  infinity  because  wa  would  bo  dividing 
by  zero.  However,  when  the  multiplier  is  less  than  one,  we  can  determine 
a  definite  maximum  sum  or  Halt  for  the  progression  because  rn  approaches 


zero  and  we  wind  up  with 


for  n  °  infinity. 


As  an  example, take  the  infinite  geometric  progression  2,  2/3,  2/9 
and  determine  the  limit. 


Solution*  a  *  2 


1  -  1/3 


2 

’  3  * 


S  »  * 


■  2  x  | 


S  ■  3 


In  order  to  help  convince  ourselves  that  there  is  no  limit  to  those 
progressions  where  the  multiple  is  greater  than  1,  let  us  see  what  sum  of 
money  vs  would  have  spent  after  suffering  30  straight  losses  at  the  dice 
table,  assuming  our  first  bet  was  one  dollar  and  that  everytise  we  lost, 
we  doubled  tae  amount  lost  on  the  last  bet. 
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%0  ** 

S35  '*  1073761821}  -  1 
1 

630  -  1,073,761,823 

It  is  easy  to  see  that  if  we  lost  a  few  more  times,  then  our  leases 
would  exceed  the  "national  debt" ♦  It  is  pretty  easy  to  see  now  why  if 
we  increase  without  limit,  we  >11  scon  approach  infinity  when  the  multiple 
is  greater  than  1, 

Terms.  botweoa*fcwcr.  $,  geeo$$U? 

as  geometric  means.  Thus  if  we  are  given  the  first  and  last  terns  of 

a  five  term  geometric  progression  we  would  have  three  geometric  moans. 

Here  the  problem  is  not  as  easy  as  considering  a  line  of  posts  as  we  did 

with  arithmetic  progressions  so  we  must  go  back  to  our  formula  for  deriving 

* 

the  value  of  the  nth  term  and  work  backwards,  Renomberlng  that 

tjj  ■  a r0"1 

we  can  see  that  knowing  tjj,  n,  and  a,  we  can  solve  for  r.  Doing  so  we  get 

r°"l  * 

a 

or 

r  * 

Having  found  r,we  can  now  determine  the  values  of  the  missing  terms 
starting  with  tg,  then  t3,  etc, 

4 

As  an  example,  suppose  we  want  to  find  the  geometric  means  in  the 
geometric  progression  where  a  °  16,  and  t^  **  81,  (Obviously  n  *  £, 
and  we  have  3  geometric  means) , 


133. 


-J 


■&*<>  * 


Find  the  nth  term  in  the  gaoaatrlo 

progressions  where* 

a)  a  *  $ 

b)  a  *  Ii 

c)  a  °  <®I0 

v  *  3 

r*3|!i 

r  »  1/2 

n  ■  5 

RB| 

n  K  5 

Ans,  2j86 

A  ns.  2?/l6 

Ana,  «20/l6 

Ih  problem  h*o,f  you  should  not©  that  the  progression  alternates 
botereen  a  positive  value  and  a  negative  value,  This  will  occur  whenever 
r  is  equal  to  a  minus  mmiber. 

5.  Find  the  sum  of  the  first  a  terms  of  the  geometric  progression  where* 


a) 

a«2 

b)  a  »  -2 

c)  a  *  6 

r  »  3 

.  r  *»  -3 

r  »  1/3 

IX  *  li 

n  *  ii 

n  “  3 

Ans. 

80 

Ans.  *liO 

Ans.  26/3 

6,  Find  the  values  of  the  geometric  means  for  the  geometric  progression 


where* 

a)  a  *  1 

b)  a  «  16 

o)  a  •  l/h 

t£  ■  16 

t6  *  1/2 

%  “ s 

Ans.  2fht $ 

Ans.  8,l»,2jl 

A  no  •  l/2j  1 
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9il  Introduction. 

Many  mathematics  books  begin  the  development  of  tho  topic  of 
logarithms  with  a  complicsted  definition  which  has  the  tondenoj  to  scars 
the  student  or,  in  some  way,  canes  tbs  student  to  feel  that  the  subject 
is  incomprehensible,  On  the  contrary,  logarithms  are  easyf  they  ere 
simply  a  uathomtical  technique  which  is  principally  used  to  fecllitata 
extremely  laborious  arithmetic  calculations*  Suppose  th©  student  of 
arithmetic  were  asked  to  evaluate  the  expression  li^Q.  Tills  is  an 
arithmetic  calculation  which  requires  the  student-  to  multiply  1$  by  itself 
250  times.  This  operation  would  be  tedious  and  would  require  several  hours 
of  diligent  work.  After  we  have  learned  the  jcatheaatical  technique  of 
logarithms, we  will  be  able  to  carry  out  this  computation  and  obtain  an 
approximate  answer  in  juofc  a  few  minutes.  Keep  this  thought  in  mind  as 
you  read  and  work  through  the  development  of  the  theory  of  logarithms. 
Remember,  it  is  principally  used  to  simplify  arithmetic  calculations. 

Wow  with  that  brief  Introduction  we  are  ready  to  digest  the  somewhat 
sticky  definition  referred  to  above.  The  logarithm  of  a  positive  number 
to  a  given  base,  other  than  1,  is  the  exponent  of  the  power  to  which  the 
base  must  be  raised  to  equal  the  number. 

This  definition  can  be  expressed  as  an  equation  N  “  b*,  where  N  ie 
the  positive  number,  b  is  the  base  which  Is  greater  than  0  and  not  equal 

r 

to  1.  The  exponent  is  x  and  It  is  tho  exponent  to  which  a  base  b^ls 
raised  to  produce  a  masher  H.  The  equation,  as  expressed  above  in  the 
fora  H  *■  b*,  w®  shall  call  tho  exponential  fora. 


this  ssj&s  4sq$at$$u  ©anb©  expressed  in  lojarifemlo  tm&  m 
follows  If 

3.0%  H  *  s  which  reads  m  iolloymt  the  logarithm  of 
the  number  JJ  to  Ibli©  has©  B  la  x. 

To  drill  oh  'fee  definition  of  a  logarithm, we  ha?©  included  exercises 
which  require  fee  student  to  write  fee  logar&fe sic  forms  of  exponential 
equations  ard  vice  versa,  The  student  will  find  it  moat  helpful  to 
continually  remind  himself  feat  a  logarifen  la  an  exponent  to  which  & 

Base  is  raised  to  produce  a  number.  Let*  a  try  a  few, 

Examplesi 

Write  fee  logarithmic  form  of  feo  following  exponential  equations.^ 

1.  2^  »  6 

When  wo  look  at  this  problem  wo  should  immediately  deferable  what  is 
fee  exponent  or  logarithm.  We  then  can  writ© 

log,  _ *  3 

Then  we  find  fee  base,  or  in  other  words,  fee  number  which  is  feeing 
raised  to  fee  power.  In  this  caee,fee  base  is  2 .  !#i  than  can  fill 
In  fee  base  blank  on  th®  log  side  of  fee  equation. 

log2  —  •  3 

We  complete  the  transformation  fey  Inserting  fee  sua&er  feat  we  obtain 
fey  raising  2  to  fee  3  power  in  Its  proper  place  in  the  logarithmic 
fora. 

log2  8-3 

2.  52  -  23 

In  logarithmic  fora  this  expression  becomes 

log£  23  *  2 
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Stx&laxlz,  aogjj  6 h  «  3 

%«  3^  *  81 

2hen  log^  ;8l  ■“  h 

5,  X52  ^  223 

log^  22j>  »  2 

The  transformation  from  logarithmic  to  erjcsentlal  iom  its  lust 
the  referee  of  the  shore  operation. 

Examples* 

Transform  the  f  oHo«dng  logarithmic  agnations  into  t&elr 
ejgxmsntial  form, 

1.  logs  B  •  C 

ac  »  B 

2.  log,,  y-2 

x2»t 

3.  lcg10  100  «  2 

102  -  loo 

il.  logQ  A  *  B 
»  A 

3*  10&2  ^  ■  it 
2^-16 

The  student  should  re-read  and  study  the  preceding  part  of  this 
chapter  until  the  basic  principles  contained  therein  are  uell  understood. 
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Bemember  alvays  that  a 


/.Is  :as 


'#  «  * 


and  that 


logarithm  are  a  mathematical  technique  need  tofacilliste  arithmetic 
eca^Jttbatioas* 

9<>2  Lam  .of  logiglthma. 

With  the  preceding  basic  theory  Mam,  m  are  no w  ready  to  discuss 
the  basic  laws  of  logarithms  which  w©  sill  use  extensively  in  computation. 
In  developing  these  relationshipsj  we  will  use  the  roles  of  exponents  which 
vs  have  learned  earlier  which  ares 


law  A. 

ax  *  a7  *  a3 

law!.. 

J*L  »  a*”7 

a t 

law  C.. 

(a*)7  *  s317 

From  these  three  exponential  lavs  wo  are  .able  to  derive  useful 
lavs  of  logarithms. 

First  lav  •»  logarithm  of  a  Froduct 

Bevriting  the  multiplication  law  of  exponents 
a*  .  ay  »  a^y 

Transferring  -this  exponential  equation  Into  logarithmic  fora  we 
obtain*  lega  a^a7  «  x  +  y 

but 


loga  a- 


x 


and 


lpg^,sf^%y 
therefore 


loga  axa3r  *  loga  ax  +  loga  a7 

loga  XL  -  loga  X  +  loga  1 


m 


thereforejin  gonoral  terms 


,/  A  ,  "  ,  '  E 

-  '  *  '  ■■  -?  ^  ., 


or  in  words:  The  log  of  a  product  to  a  certain  base  Is  equal  to 
sum  of  tbs  logs  of  the  factors  of  the  product  to  the  same'  base* 
Prsof:  logg  8*1*  »'  logg  8  *  log2  h 


logg  32  *  3  +  2 

5  »  5 

Siadlarly:  logx  ABC  ■*»  log^  A  *  logx  2  *  log^  C 

Second  Law  ,  -  logarithm , of  a  Quotient 
law  1  above  for  exponents  is 


Expressing  this  exponential  equation  in  logarithmic  form 


but 

loga  j£L. 

a? 

“  x  -  y 

loga  ax  » 

X 

and 

loga  ay  -m 

y 

therefore: 

ios*S  ■ 

loga  ax  -  loga  s? 

or  in  general  terms*  * 

loga  |  -  logaK  -logal 

or  in  words:  ■the  log  of  a  quotient  expressed  as  a  fraction,  to  a  certain 
base,  is  equal  to  the  log  of  the  numerator  to  that  base  minus  the  log  of 
the  denominator  to  that  same  base. 

Proof:  logg  3|  *  logg  32  -  log2  8 

2*5-3 

2*2 


5* 


iogb/T 


■  3  legb  2  *  &  1©%  S 


9,3  Bacas  of  Legsrithma. 

<awaww»ao»«w^»w<Kga<^^ 

logarithmic  liable®  hava  been  computed  for  a  base  of  10  and  a  bass 
of  s  (which  is  equal  to  2,718)#  logarithms  to  the  base  e  are  called 
natural  logarithms  aau  are  mitten  usiug  the  symbol  la,  !<>&*,  la  6  moans 
the  logarithm  of  6  lb©  the  base  e  (e  »  2.7X8),  The  s  base  is  understood 
when  In  is  used. 

Logarithms  to  the  base  10  ©re  written  using  the  symbol  log  without 
a  base  written  in.  log  100  means  the  logarithm  of  100  to  the  base  10. 
Again  the  10  base  is  understood.  Logarithms  to  the  base  10  are  called 
common  logarithms.  Tha  choice  of  *10  for  a  base  me  Bade  because  cur 
numbering  system  is  based  on  10  and  multiples  of  10.  At  10  our  numbering 
system  jumps  from  one  to  too  integers*  at  100  it  imps  from  too  to  three 
and  so  on.  The  reason  for  the  selection  of  base  10  will  become  more 
apparent  aa  wa  learn  core  about  common  Logarithms. 

The  exponent  to  which  10  must  be  raised  to  produce  a  given  number 
is  a  cosssra  logarithm. 


log  10  *  1  which  means 

101 

«  10 

log  100  «  2  which  means 

10g 

»  100 

log  1000  *  3  which  means 

10? 

*  1000 

log  10,000  *  It  which  means 

10^ 

*  10,000 

The  student  sill  probably  my  to  himself,  "litell  this  is  neat  but 
what  about  otb&cto  between  10  and  100  and  between  100  and  100C5,etc.?n 

llj2. 


The  answer  to  this  question  is  sisals  asd  gets  to  the  h^«*^et  of  ths  $nb$cdt 
of  common  iogaritte*  A  comma  logarithm  has  two  parts,  esa  called  & 
characteristic  and  the  other  called  a  saatisaa.  T&©  chagactaristis  is 
the  whole  number  part  of  a  logarithm  (exponent  of  10}  which  fan  b« 
obtained  by  inspection.  Fcri&ole  nur&crs,  it  relates  to  tho  saber  of 
numbers  before  the  decimal,  The  mantissa  is  tba  decimal  portion  of  the 
logarithm  and  it  is  obtained  iron  a  logarithmic  table  adsdlas?  to  TAbl©  H 
£98~$99  «f  Rider*e  'first  Tear  Mathematics  for  Colleges'*  second 
edition  published  by  the  Kaes&llan  Colony.  Iet*s  go  ahead  angi  Xosb  up 
the  logarithm  of  a  coupl#  of  numbers  and  see  has?  easy  tbs  process  is* 

The  student  is  encouraged  to  have  a  table  of  logarithmic  mantissas 
available  while  reading  the  rest  of  this  chapter. 

Another  law  of  logarithms  which  we  will  call  the  fourth  lew  is 
offered  here  without  proof.  It  concerns  transforming  a  logarithm  from 
one  base  to  another.  It  is  written  symbolically  as  follows* 

loga  M  « 

logb  a 

This  rule  will  be  found  useful  in  transferring  logarithms  from  a 
natural  base  to  a  common  base  and  vice  versa.  We  will  not  have  a  great 
need  for  this  3rule  in  a  manageasnt  environment. 

Example : 

' .  Find  the  log  £7,2 

♦ 

Remembering  that  the  log  10*1  and  log  100  “  2,  we  know  that 
the  log  £7*2  is  somewhere  between  1*000  and  2*000*  This  is  what  is  meant 
by  saying  that  we  can  obtain  the  characteristic  of  the  logaritha  by 
inspection.  In  the  case  of  log  £7.2,  the  characteristic  of  the  logaritha 


is  1,  The  B&ntlgss  or  dseissJ  pari  is  ebfc&iusd  fr«gs  tas  leg  table  (ll&lss’)* 
Sdteg  to  5?  on  tha  'sorties!  seal®  esd  across  to  2  m  tho  heasisoaisl  seals 
ws  obtain  7571*. 

Us  57.2  *  1  .nih 

4gl^#®9qpS^HtiaBy  this  C'13J5>3 

*  «5?#2 

sartlBjaj,  log  572  *  2.?57i‘ 

and  log  $720  «  3.757*4 

la  general  terns*  tea  charaeteriiitio  of  a  logarithm  of  a  positive  s®$j@y 
it  1  is  «aa  lose  than  tbs  nas&jer  of  integers  in  tea  ats^ser,,  She  ssaUesa 
is  obtained  fma  t&®  log  table  using  tbs  aoqpance  (order)  of  integers  la 
the  ouster  for  which  tea  leg  is  ro^Lrad. 

Saaapleea 

1.  log  35  -  iMl 

2.  log  350  •  2.5Ua 

3.  log  16.3  -  1.2122 
il.  log  163  -  2.2122 

5.  log  8.3  "  0.5151 

Since  log  1*0  because  10®  *  1  and  reaectering  the  log  10  "  1, 
it  follows  that  the  characteristic  of  a  pool  tiro  mater  from  1  to  10  but 
not  including  10  is  0  and  the  logaritfea  is  simply  the  mantissa  fas*  that  f 
particular  sequence,. 

6.  log  9.2  -  0.9638 

7.  log  92  “  1.9638 


liiij. 


8.  log  920  »  2.9638 


•tar  ’ 


*■  •**$*'**,  Z*g*Q  Z  £&  - 


'"'tt  ~^3&&£ 


9*k  Flaiteg  fee  Antllogarf  tlsas  eg  Positive  I^arfthssS;. 

If  wt»  are  given  the  e^ossioa  leg  A  °  K  and  tfesg*  given  tha  talus 
(antileg)  of  N  and  asked  to  fled  A,  we  eay  that  wa  ag$  asked  to  find  the 
antilogaritha  of  H,  Using  sm^Io  3  aboro  as  an  example,  m  comld  b®  told 
that  the  logarithm  of  Bom  number  is  1,2122  and  be  asked  to  dirfcted&a  the 
ramfcer,  The  question  sight  be  written  as  follows: 

Find  S'  if  log  Jf  *  1,8122 

Another  way  to  state  ihlg  problem  would  be  to  rewrite  the  equation  in 
its  exponential  form  101*2122  «  K.  la  finding  fee  m  are 

finding  K* 

The  operation  of  finding  the  antilog  is  fee  reverse  of  finding  the 

logarithm.  We  should  realise  right  away  feat  since  fee  charaoferlatic  is 

1,  there  are  two  integers  to  fee  left  of  the  deoiral.  The  aotual 

sequence  of  numbers  ie  dependent  on  the  mantissa.  To  find  the  antilog 

wa  go  into  the  table  to  find  2122.  This  mantissa  corresponds  to  fee 

sequence  163.  Our  characteristic,  to  repeat,  tells  us  that  there  are  two 

digits  to  the  left  of  the  decimal.  So  .  .  , 

log  H  »  1.2122 
K  -  16.3 

It  follows  that  if  log  N  3  2.2122 

H  -  1 63 

Examples! 

1.  log  N  -  3*h997 

H  *  3160 

2.  log  I  -  1.73^ 

X  -  5ft.  9 

3.  log  I  «  2.6561 

t  •  m 

M. 


I'-ssjas 


.  leg  K  *  ,1031 

n  -  2.53 

5.  legH*  »281i? 

K  -  1.53 

At  this  pointy  lAo  student  should  stop  and  go  back  over  the  material 
covered  so  far  In  this  chapter  again  paying  particular  attention  to  the 
points  which  are  not  yet  completely  ■understood.  The  basic  theory  of 
logarithms  has  now  been  covered.  It  is  only  necescary  n m  to  cover  the 
c&e®  of  finding  the  logarithm  of  decimal  numbers  (which  are  negative)  and 
then  the  case  of  finding  the  antilogarlthm  given  a  negative  logarithm. 

The  payoff  of  logarithms  will  com  at  the  end  of  the  chapter  when  wo  apply 
the  technique  of  logarithms  to  facilitate  cvaplex  arithmetic  computations, 

9.5  Logarithm  of  Decimal  Husfcers. 

lou  will  recall  from  our  previous  discussions  that  the  characteristic 
of  a  logarithm  of  a  number  from  1  to  10  was  0.  How  let*s  find  tho 
logarithm  of  a  decimal  number  such  a®  .1, 
or  log  .1  *  X 

If  vo  put  this  equation  in  exponential  form  it  becomes 


10* 

-  .1 

x  must  equal  -1  since 

is  ■  10'1  •  -1 

It  follows  then  that 

log  .1  ■  "1 

Similarly? 

log  .01  “  -2 

log  .001  «  -3 

log  ,0001  *  -h 

ll|6. 


Sfow  we  are  ready  to  find  the  logarithm  of  &  number  each  as  #321} 
or  Xog.32lt  ®  ? 

The  logarithm  of  a  decimal  number  also  has  two  parts,  a  characteristic 
and  a  mantissa,  ^tsst  as  its  whole  number  counterpart#  The  logarithm  of  a 
decimal  number  will  always  be  negative  and  its  characteristic  will  always 
be  one  more  than  fee  number  of  zeros  immediately  following  fee  decimal. 

The  mantissa  is  obtained  in  the  sums  manner  feat  it  was  obtained  in  fee 
whole  number  case,  feat  is,  by  entering  the  log  tables  with  fee  sequence 
of  numbers  and  obtaining  the  correct  mantissa. 

Finds  log  ,32ij. 

The  characteristic  is  negative  and  ia  ono  more  than  fee  nas&sr  of  sores 
izaaediatoly  following  fee  decimal  j  in  this  case  it  it  -1.  The  man  ticca 
is  obtained  from  th8  table  by  entering  the  vertical  column  at  32  and 
moving  across  horisontally  to  fee  1}  column.  We  read  $10$. 

Then  log  .3211}  «  -1.5105 

To  facilitate  the  manipulation  of  logarithms,  a  logarithm  such  as 
-1.5105  is  conventionally  expressed  as  9.5105  -  10. 

Examples? 

1.  log  .00257  «  ~3.h099  "  7#i}099  -  10 

2.  log  .521  -  -1.  7168  »  9.7168  -  10 

3.  log  .Ol}li}  «  -2.6170  •  8.6170  -  10 

9.6  Finding  the  Antilog&ritha  Given  a  Negative  Logarithm. 

To  find  fee  antilog&rifem  given  a  negative  logarithm,  our  procedure 
again  is  the  reveres  operation  to  finding  a  logarithm  given  a  decimal 
number.  The  negative  sign  of  a  logarithm  is  the  indicator  or  "clue"  feat 
the  antilog  is  a  decimal  number.  The  mantissa  determines  the  sequence  of 

lii7« 


rosters  while  the  ehamctsristde  determines  where  tha  dsoiml  is  plaeod. 
Tbs  mate?  of  seros  taediately  following  the  decimal  ie  one  legs  than 
f^fco  absolute  numerical  value  of  the  characteristic. 


r 

i 

f, 


t 


Exaaples* 

Find  the  anfeilogarithm,  given  the  following  logarithm. 

1.  log  K  »  9Mhh  -  10  »  -X,6Uib 

Since  the  logarithm  is  negative,  the  antilog  ie  a  decimal,  The 
mantissa  yields  a  sequence  of  numbers  from  the  table  of  !$i£L 
Since  the  number  of  zeros  immediately  following  the  decimal  is 
one  less  than  the  absolute  numerical  value  of  the  characteristic 
one  less  than  one  is  0,  therefore, 

edtlo©,  log  K  °  9.6l*i4j  -  10 
then,  N  *  ,hhl 

2.  log  H  «  7.2201  -  10 

K  »  .00166 

3.  log  X  «  8.3502  -  10 

X  »  .022b 


9.7  Logarithmic  Computation. 

In  order  to  grasp  the  technique  of  logarithmic  computation  quickly, 
we  will  work  through  a  siaple  arithmetic  problem  using  logarithm.  The 
basic  method  for  each  problem  will  be  the  same. 

Suppose  wo  were  asked  to  carry  out  the  following  calculation. 


Our  first  step  is  to  sot  X  *  to  the  computation  required, 
X  is  the  fenswer  we  are  trying  to  obtain. 


li*8. 


MW***#* 


Then. 


Then  take  the  logarttha  of  both  sides  of  the  equat im 

2 

lo  g  1  *  log  — ~ 

and  log  X  “  log  3^  «  6  **  lag  9  (By  the  second  Issr) 
log  X  *»  log  3^  +  log  6  -  log  S>  (By  fee  first  l&sr) 

log  X  M  2  log  3  +  log  6  *  log  9  (By  fee  third  law) 
Host  m  go  to  fee  log  table  and  look  up  fee  necessary  logarithms, 
log  3  -  Mm 

log  6  *  .7782 
log  9  “  .S$i2 


2  log  3  “  2x  -  *U771  *  .9&2 
+  log  6  “  *.7782 

1.732& 

-  log  9  *  ~.^2 

.7782 

Therefore  log  X  *  .7782 

Hie  next  step  is  to  take  fee  antilog  to  obtain  X 
X  *  6.0 

This  certainly  looks  like  quite  a  bit  of  verk  to  obtain  an  anssrar 
which  we  could  hare  obtained  eisply  by  carrying  out  fea  indicated 


operations  to  obtain  6. 


N cm  let*  s  do  fee  computation 


9 


9  x  6 
9 


i 


This  coigsutation  could  also  be  dose  quite  eac&ly  by  ar&thsotic# 
Our  min  concern  at  this  point  Is  to  ^ara  iha  x&ifood  of  logarlthsdje 
computation.  Again,  sat  2  equal  to  the  ce^utation  X  * 

Then,  leg  2  «  log  y& 

and  log  1  »  5  Io«  36  (by  the  third  law) 

Using  the  log  tables 


lc g  36  *  1,5563 

Then, 

5  x  1.5563  -  7.7835 

Thin, 

log  X  -  7.7815 

Our  next  step  is  to  take  "the  antilogaidthsu  Going  Into  the  table, 
wa  find  that  there  is  no  exact  mantissa  listed  for  7815.  The  mantissas 
in  the  table  which  straddle  this  value  are? 

7818  which  corresponds  to  the  sequence  60S  and 
7810  which  corresponds  to  the  sequence  60b 

Wo  are  looking  for  the  sequence  which  corresponds  with  the  mantissa  7815. 
We  approximate  this  sequence  by  going  through  a  little  bit  of  mathematical 
gymnastics  called  interpolation.  The  sequence  corresponding  to  7815  is 
oessewhere  between  60b0  and  6050.  The  sequence  is  approximated  by  taking 
|j  x  10  “  6.2  since  7815  ie  |j  of  the  distance  between  7810  and  7818, 
or  referring  to  the  log  table  the  5,  8  and  10  are  obtained  as  follows? 

and  7818  and 


7815 

..7810 

5 


7818 

.7810 

8 


6050 

-60k0 

10 


Therefore,  the  sequence  corresponding  to  7815  ie  60lj6,  We  have  interpolated 
in  three  plsco  tables  to  obtain  a  fourth  place,  which  is  the  best  we  can 
expect  fros  thin  approximate  approach.  Therefore,  the  .2  is  dropped.  If 
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i 


i 


l 

I 


the  interpblation  had  produced  a  waited  of  6.6,  we  would  have  sad©  the 
figure  60it7*  ¥ii&  a  characteristic  of  7,  «e  Mow  that  i&ere  are  8  digits 
to  the  left  of  the  decimal.  Otar  .asproadGste  answer  to  the  eoiputetlon 
36^ then  is 

2  -  60,1560,000 

A  more  exact  answer  would  require  a  sore  complete  sat  of  logarithmic 
mantissas. 


9.8  Interpolation. 

In  the  example  shore,  the  student  Me  been  exposed  to  the  technique 
of  interpolation.  The  student  would  he  wise  to  “view  this  as  a  mns  of 
obtaining  one  more  significant  figure  frm  a  table  of  x  significant 
figures.  Using  perhaps  a  coarser  vsrnaoular,wo  are  approximating  an 
answer  using  2$$  tables  rather  than  buying  the  3>0{5  higher  priced  -variety. 
We  are  *fajproaritoting«  because  we  are  assuBtog  a  straight  line  or  uniform 
change  between  any  two  numbers  in  the  table,  when  In  fact  it  is  not.  It 
is  an  exponential  relationship.  This  is  another  reason  why  we  dropped 
the  .2  in  the  previous  example. 


Lei*  s  now  use  our  three  place  tables  to  obtain  a  logarithm  of  a 
four  place  number. 

Find  log  27 33. 

We  proceed  as  follows.  We  place  our  number  between  the  two  mothers 
which  "straddle”  it  in  the  table.  Since  it  is  between  2730  and  27h0, 
we  can  arrange  our  problem  as  follows* 
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log 

27li0 

1*378 

log 

2733  >  „ 

/3 

x  { 

•log 

2m 

^3*362 

2$1 


We  eaa  find  the  mantissas  which  eorrespeM  to  the  eaqaancas  27hO 

and  2730.  They  safe  respectively, h378  sad  1)362.  The  caaiicsa  l&at  <m  see 

looking  for  then  is  approximately  .JL  of  the  distance  between  1)352  and 

10 

1)378.  (i)3?8  -  !j362  *  16) 

Therefore , 

^  x  16  8  I1.8  say  5 

The  santissa  then  is  1)362  +  0005  a  1)367  and  log  2733  “  3.1)36?* 

We  could  also  solve  for  the  mantissa  by  setting  up  &  proportion  where 

'  .  JL 

16  10 

x  0  ,^L  .  16  «*  1).8  say  5 


Interpolating  to  obtain  the  antilog  ia  the  process  we  used  in  the 
last  example,  under  logarithmic  computation  above,  to  obtain  the  fourth 
significant  figure.  It  is  considered  worthwhile  to  do  one  more  example 
problem  in  this  section.  In  this  case,  we  will  be  finding  the  antilog  of 
a  negative  logarithm  (which  we  all  know  most  be  a  decimal). 

/ 

Find  H  if  log  N  »  8.1)688  -  10 

Remember  that  the  characteristic  8  _______  -20  or  -2  merely  tells  us 

that  W  has  one  0  to  the  right  of  the  decimal  point.  The  mantissa  falls 
between  JU683  and  lj6?8,  A  recommended  way  of  setting  up  the  problem  is 
as  followsx 


^-il|658  corresponds  to  sequence  2950 

15  (  .1)688,* 


x‘'.lj683/  corresponds  to  sequence  v  2$j0 
Therefore,  the  sequence  we  are  looking  for  is  about  JL  of  the 
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distance  from  2$j0  to  2950,which  ia  10. 


£  * 


3.3  Say  3 


1$2 


or  by  proportion 


x 


h*  \ 
IW  i 

if'  \ 

$ 

x  l 


r  { 


10. »  3*3  Say  3 


2pii3 


Therefore ,the  sequence  is 

29hO  +  3 

Then 

N  -  .0291*3 

Exercises: 

1.  Express  the  following  in  logarithmic  form? 


i 

* 

1 

a)  $  «  620 

Ana.  logj  623, *  ii 

i 

b)  321^  ■  2 

Ana.  log32  2  *»  l/5 

\ 

c)  r2  -  1 /k9 

Ana.  logy  l/Ji9  ®  -2 

i 

i 

i 

! 

d)  10“**  **  0.0001 

Ans.  loglc,  .0001  *  ~Ii 

! 

1  * 

e)  sP  *  0 

Ans.  loga  C  c  b 

i 

i 

2,  Express  the  following  in  exponential  form? 

i- 

i 

&)  log^36  »  2 

Ana.  62  *  36 

i 

b)  logg32  *  5/3 

Ans.  B5/3  *  32 

•? 

! 

i 

i 

e)  log271^9  ■  2/3 

Ans.  27”2/3  *  1/9 

t 

d)  log17  1  «  o 

Ans.  1?°  *  1 

! 

l 

e)  logx  y  «  z 

Ans.  xz  »  y 

! 

3.  Express  as  a  sun,  difference. 

or  multiple  of  logarithm  of  simpler 

• 

quantities: 

! 

f 

a)  log^  uv 

Ans.  logjj  n  +  logjj  v 

! 

b)  log3^T 

Ans,  2/3  log^  2 

t . 

i 

c)  loga  (bcdf) 

Ans.  c  loga  b  +  f  loga  d 

i 

d)  log^  (2^) 

Ans,  3  log^  2-2*  lo2103 

18. 


i*.  Write  the  characteristics  of  the  logs  (base  10)  of  the  following  t 


a) 

1*6,8 

Acs. 

1 

b) 

2?,600 

Ass. 

h 

e) 

93,000,000 

Ana. 

7 

d) 

0.1 

Ana, 

-1  or 

9  ~  10 

e) 

2.6?1*  x  X0‘3 

Ana. 

-3  or 

7-10 

5*  If  log  N  has  a  mntissa  otsoh  that  the  significant  digits  of  U  are 
31*06,  find  H  for  each  of  the  following  characteristics  * 


a)  1 

Acs. 

3l*.06 

b)  C  -  10 

Ana. 

.031*06 

c)  11 

Ana. 

31*0,600,000,000 

d)  -3 

Ana, 

.0031*06 

e)  102 

Ane, 

3.1*06  x  KJMO 

Confute  the  following  using  logarithm* 

83.1*0  x  2.019 

Ana. 

133,500 

b)  3/86.37 

Ana. 

2.1*ll* 

y  “our 

c)  (2.138)3  x  (}*2.10)-2 

A  ns. 

.005513 

d)  (-0.03l»20)1//3 

Ans. 

-0.321*9 

e)  (-12.36)' ~2/* 

Ana, 

0.3658 

7.  If  a  curve  in  a  road  is  backed  to  prevent-  skids  or  overturning  at 
?  .(idle©  per  hour,  proper  elevation  (h)  in  feet  of  the  outside  edge 
isgivonby*  h  o  ,22$  fj\ 

w  \“$J  { gpj 

Find  h  for  g  »  32.16,  r  *  1*000,  w  *  26.0  and  v  3  1*0 


151*. 


kw*  0,697 


^-XaS®iESSi4”«-  . 


^-sas£2a^ri; 


Find  the  following  legarithsa  using  a  table  of  ccsson  Ic^&git&sg) 


s) 

In  0*39 

Ans.  9*0$8b  »  10 

ts) 

log^  2 

Ana.  0.li306 

e)  log10Q  31 

Solve  for  the  unknown* 

Ans.  0,7ii57 

&) 

2**  6  .  32 

Ana*  *>1 

b) 

10&~3  *  1,3 

Ana.  2.3168 

e) 

23x  b  ^2x+1 

Ans.  -9.32 

d) 

^°%  (**1)  +  lcg3  (x+3)  «>  1 

Ana.  0,  -1* 

o) 

l°g  (7*  -  12)  .  2 

log  X 

Ans.  3,  h 

CS&FESi  10 


CiLCCLtS 

10.1  Introduction, 

•aKMawMwntaataiM 

We  hava  previously  covered  East  of  the  Kanlpulafeicns  that  can  fee 
performed  on  algebraic  equations.  We  have  seen  ho®  wo  cant  (1)  factor 
them?  (2)  graph  them;  and  (3)  solve  system  of  equations  to  determine 
where  their  graphs  intersect.  ¥e  have  also  learned  ho®  to  got  up 
equations  to  help  us  solve  problems.  We  still  mist,  however,  investigate 
ways  of  predicting  tho  affect  varying  the  value  of  one  variable  will  have 
on  the  other  variable  or  variables.  For  example,  if  ws  a ra  driving  along 
a  highway  between  two  cities,  wha£  affect  will  changing  our  speed  have  on 
the  time  it  takes  us  to  mire  the  trip? 

In  order  to  find  the  various  tlzass  for  all  the  various  possible 
speeds,  we  could  make  numerous  calculations  and  develop  a  table,  we  could 
determine  a  few  relationships,  draw  a  graph  and  then  read  from  the  graph, 
or  we  could  determins  the  relationship  for  one  speed  and  determine  an 
average  rate  of  change  in  tins  for  each  incremental  change  in  speed. 

Then  we  could  take  our  known  relationship,  and  knowing  the  incremental 
change  in  speed,  compute  the  tiro  it  takes  to  complete  tho  trip.  It  is 
this  latter  process  that  is  known  as  calculus.  In  other  words,  calculus 
is  rarely  the  process  of  finding  how  rash  the  dependent  variable  varies 
for  incremental  changes  in  the  value  of  the  Independent  variable.  When 
we  want  to  compute  the  rate  of  change  for  extremely  email  changes  in  tho 
value  of  the  independent  variable,  wo  get  what  wo  call  the  instantaneous 
rate  of  change.  The  determination  of  tho  instantaneous  rate  of  change 
is  cossonly  called  different.!*!  calculus. 
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The  principles  of  calculus  are  by  no  ©cans  sysileaX.  In  fast,  they 
are  rather  simple.  The  complexities  of  calculus  only  creep  in  wh«a  the 
relationships  beWsen  variables  ar©  c espies.  However,  the  student  should 
not  worry  because  most  of  the  equations  encountered  in  management  are  not 
cosplieated,  Me®  that  wa  know  what  calculus  is,  let’s  proceed  and 
determine  how  it  helps  us  predict  the  effect®  of  changing  the  value  of 

the  independent  variable . 

10*2  First  Principles  of  Calculus* 

In  order  that  wo  say  better  understand  the  fomOas  that  we  will 
later  use  in  differential  calculus,  let’s  develop  oar  own  rata  of  change 
for  a  rather  aisple  problem.  For  ease  of  following,  let’s  assume  that 
we  have  only  two  vgriablesj  namely,  x>  the  Independent  variable,  and  y, 
the  dependent  variable.  Let’s  also  agree  that  wo  will  represent  small 
changes  in  the  variable  x  by  the  symbol  -0x  and  small  changes  in  the 
variable  y  by  Ay.  The  student  is  cautioned  that  the  variables  could 
have  any  literal  symbols  assigned  to  then,  but  that  by  convention  we 
usually  use  x  and  y.  The  case  in  which  we  hare  more  than  Wo  variables 
will  be  taken  up  later. 

Let’s  proceed  now  and  coo  what  happens  to  the  dependent  vara,  ble, 
when  we  change  the  independent  variable  a  slight  bit.  It  should  be 
obvious  that  we  must  first  know  the  relationships  between  the  Wo  variables 
before  ve  could  hope  to  determine  the  effects  of  changing  the  value  of  the 
independent  variable  by  a  slight  bit.  For  purposes  of  explanation,  let’s 
assume  the  relationship  is  expressed  by  the  equation* 

y  »  3X2  +  x  ♦  2 

Since  the  method  uo  will  use  is  the  basic  theory  behind  calculus,  we  call 
it  the  first  principles  of  calculus, 

1#. 


f*T{,  y  <\ 


If  m  increase  tbs  value  of  ths  variable  x  by  a  rail  esouat, 
which  m  e$?eed  m  would  call  &  x,  m  will  obviously  change  the  value 
of  y  by  gesso  asmsit,  which  w@  agreed  to  c&ll  a  y.  Therefore,  using  osbp 
relationship  given  above,  ws  trodd  get 

y  ♦  AT  "  3  (x  +  ♦  {  x*A>x)  +  2 

os'*  y  4  4  7  *  3x2  +  6fc  (as)  ♦  3(Ax}2  ♦  x  *  Ax  ♦  2 

or,  Ay  *  3*2  *  6  x(Ax)  *  3(a*)2  *  x  *  Ax  ♦  2  -  y 

bat,  y  *  3s2  +  x  *  2 

so  Ay  *  3X2  +  6x(4x)  ♦  3C  4x)2  *  x  ♦  ax*2  -  3s2  -  x  -  2 

or  ^y  *  6x  (Ax)  +  3  (  Ax)2  ♦  Ax 

How  if  we  want  to  get  the  average  rate  of  change  of  j  with  respect  to 
changes  in  x,  we  nust  divide  the  change  in  value  of  our  y  variable,  which 
is  AT*  by  the  change  in  value  of  our  x  variable,  which  is  Ax.  However, 
since  we  must  perfora  exactly  the  mm  operations  to  both  sides  of  an 
equation  to  retain  the  validity  of  an  equation,  we  Trust,  divide  both  sides 
of  tho  equation  by  jjx,  if  vo  want  to  obtain  the  overege  rate  of  change 
of  Ay  with  respect  to  Ax.  This  then  gives  not 

Al  &  MAxj  *  +  AJL 

Ax  (Ax)  (Ax)  Ax 

cancelling  out  on  the  right  side,  m  find 

•*  6x  +  3Ax  ♦  1  *  the  sverego  rat©  of  chsn^e 

Thus,  no  can  see  that  the  rate  of  change  of  tho  vales  of  the  dependent 
variable  with  respect  to  th©  independent  variable  is  6  tiras  the  value  of 
tho  independent  variable  plus  3  tines  tho  ehango  in  the  iadopandent 
variable’s  value  plus  1.  To  complete  tbs-  example  all  we  need  to  totow  is 
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initial  value  ef  the  independent  variable  sad  its  charge  in  vales- « 
to  convince  ourselves  of  ufeat  w©  bsv©  dens,  l©t*s  assess  that  the  iaiti&l 
val'ca  of  x  le  3  and  that  the  change  ia  falsa  of  x  is  *1  sad  that  ?» -uaafe 
to  find  i&©  change  is?  y  for  these  cesailticms.  Substituting  tho  trails 
into  ora*  last  fccmsla  m  find* 

-  6  (3)  ♦  3  (1)  ♦  1 
or  Ay®  18  +  3  ♦  1  "  22 

Wo  can  chock  this  by  dsters&ning  the  ralaos  of  y  for  x  “  3  cad  x  ®  h  end 
subtracting  tho  first  fresa  the  Second.  Wo  find  y  *  32  for  x  **  3  sad 
y  *  $k  for  x  *  U  and  the  difference  is  22,  the  ease  a©  w©  expected  it 
to  bo. 

Since  m  aor-caUy  ’Bant  the  instantaneous  rat©  of  change,  that  its 
•chon  A  x  ie  extrsaely  snail,  m  will  work  through  only  tra>  problesa  of 
finding  ~LH  before  proceeding  on  to  tha  concept  of  differential  calculus 0 


Exercises: 

1.  Find  AZ  for  y  “  x2  +  x  +  5 

Solution*  j  *  iy  °  (x  +£x)2  ♦  (x  ♦  Ax)  *  $ 

A7  *  x2  +  2x(a  x)  +  (&  x)^  +  x  +  £  x  +  $  ~  y 

&y  ■  x2  +  2x(Ax)  ♦  (Ax)2*  x+Ax  +  5-  x?»x«5 

&7  *  2x  (Ax)  ♦  (ax)2  ♦  A* 

&  +  1 


2.  Find  AZ 
A* 

Solution* 


for  j  "  6x2  +  7 
y  +  ^  y  6  (x  ♦  A  x)2  +  7 


Ay  «  6x2  *  12s  (&x)  *  ( &z)2  *  ?  -  y 

»  dx2  *  ig  x  (Ax)  *  (£x)2  *  7  «  6s2  -  7 

Ay  *  12s  (A  x)  *  (Ax)2 

“  12x  *  A  2 

10.3  Differentiating , 

Blowing  how  to  find  the  rats  of  change  using  the  first  principles 
of  caleulsa,  we  can  pressed  to  find  the  instsntaaoeus  rat®  of  change  hy 
letting  A  x  feecoa©  exfcrssely  srall}  so  email,  is  fact,  that  it  sgjprcaehes 
the  vales  sero.  In  this  ease,  ws  ©hang©  the  ecology  fresj  4  z  to  dx 
and  to  ay.  Symbolically,  we  writ©  the  fact  as  folios 

^  “  Unit 

Ax*«K>  A  x 

The  maniag  of  4  x  and  dx  is  the  saaaj  that  is*  a  ©sail  ch&ngo  in  the 
values  of  the  variable.  The  degree  of  the  change  is  *11  that  differs. 
That  is,  dx  mans  a  very  very  cssall  change.  Therefore,  we  could  taka  the 
three  AZ  #e  developed  above  and  change  iik&a  as  follows? 


AI 

&  x 

*  6x  +  3Ax  +1  to 

£  «  fix  +  3dx  ♦  1 

K 

&  X 

«  2x  +  Ax+1  to  ^ 

Z  *  2z  +  dx  +  1 

X 

and 

M 

**  12x  *  &x  to  || 

**  12x  +  dx 

How,  if  we  consider  dx  to  bs  infinitesimal,  wo  can  drop  all  teams  which 
contain  it  because  scathing  almost  core  tics  a  anything  gives  us  almost 
aero.  Thus,  vo  would  not  affect  our  accuracy  very  each  by  dropping  the 
tores  with  dx.  Our  equations  would  now  read* 
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*>  6s  *  1 


ajssi 


«  *  1 


®  lSx 


That  ia,  w®  have  developed  sash  eSs^lsr  eaqEress&aaa  for  t&3  i£tgtest®§e@i8S 
rats  of  change. 


W®  all  probably  agre«  tSsat  It  smsss  like  iZtem  sitmlbS  bs  «a  easier 
my  than  the  first  prir&ph  s%o  uwalep  tee  val®a  ef  this  isst^stsaesfaa 
rate  of  d sssgs.  Tcsra  is,  We  csa  develop  t&a  mils©!  by  ©sslysissg  tee 
results  of  ©ar  throe  prswicus  efforts  using  the  first  jarta^ioVs 
calculus,  Wo  teoald  note  that  s©  haw®  Ealtipliod  ©ads  terra  by  the 
eapcBSEt  of  th&  independent  variable  in  that  taw  ass!  that  ts©  fesvs 
rMcsed  tee  value  of  the  opponent  by  1.  If  eo  ©cnalder  a  tera  ecssfcaisjics 
only  a  constant,  m  consider  tee  independent  variable  to  be  there  bat  to 
bo  invisible  beesum  ita  expoaent  is  zero  and  era  have  mate?  .}  replaced 
It  site  a.  factor  ef  1.  As  an  exsepls,  fee®  *  6  x  1  n  6,  co  rather  than 
erite  6x° ,  «g  writ©  just  plain  6,  Le-oJdng  at  it  in  tele  ray,  no  can  coo 
that  tec  constants  "drop  oat*  teen  no  differentiate  because  teen  pa 
caltiply  by  tee  exponent  of  tee  independent  variable,  ©cro,  we  get  cero, 
SjJteoHeally,  if  vo  consider  each  torn  independcatly  of  the  other  testes 
in  tea  equation,  cad  if  vo  let  a  steal  for  tee  constant  coefficient  and 
a®  steed  for  tee  independent  variable  raised  te  tea  ate  power,  wa  can 
erite  te©  general  expressless* 

y  "  as0 

end  £2  *  nas?**^ 
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53se  to  the  additira  Issr,  m  ©a®  differentiate  each  tea  isdssssdos t3y 
a®|  then  add  ihsa  together  to  gat  the  total  derivative  for  the  e^atiea. 

&«?»  let*#  look  at  a  far  essts^les  and  then  tsy  a  fear  oa  orr  ora. 


Blfferajtlsts  the  follewie^  ©^5ati©&g« 

1.  y  ■  2s^  ♦  ^2  <*  jgjc  ■*•  i 

Soltrtlea*  ||  »  (3)  3s2  ♦  (2)  ire  ♦  (1)  5  *  0 


♦  8s  +  5 

Uft 

2.  y  "  16s2  -  6x  *  1 

Solution*  $  »  (2)  I&e  -  (1)  6*0 


3.  a 


||  *  32x  «  6 
n2  +  a  •  16  +  n~2  +  5a"1 


Solution* 


da 


-  2a  +  1  -  0  ♦  (~2)  n~3  +  (-1)  5n~2 


da 

3£ 


2a  ♦  1  -  2a*”3  -  5n~2 


K 

t  ■  r2  +  3 

Ana. 

dt. 

«MOM 

0? 

»  2r 

5. 

H  «  160  +  5 

Ana. 

dS 

-  16 

6. 

y  ■  I7x^  +  6x2  +  5 

Ans. 

S 

•  68x3  ♦  12x 

7. 

s  *  3?  §  2 

Ana. 

da 

3E 

■  6l|t 

10.li  MfforcntAatioa  of  E3/gaor  Ordsra. 

Sccsfctoti  «®  mod  to  difforeatiate  sore  than  omo  to  find  the  rate 
of  ©haago  that  m  rant.  For  axatple,  if  «©  ranted  the  raw  of  chans©  of 
the  rat©  of  ©bang©,  ra  ranld  aiapiy  talcs  tha  derivative  of  the  dorivative 
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af  its®  ordinal  oqcaiion.  ffe»  derivative  of  the  esrlglsal  is 

called  the  first  derivative,  while  its  derivative  is  called  &a  tmmi 
darisabiv®.  fiss  doidvatiwe  of  tfes  csesnd  derivative  is  called  tsdr-3 
derivative  mi  so  oa»  In  ©rdsr  to  indicate  the  esset  darivnt&ws  that 
v»  are  working  with,  n®  insert,  except  for  tbo  first  dsrlvatlvs,  t&» 
ns^ser  of  tbs  derivative  to  want  between  tbs  d  aid  tho  symbol  of  tho 
dependent  variable  cc©8@m©d  and  after  the  sys&ol  of  the  independent 
variable.  For  exssple,  the  second  derivative  of  y  with  respect  to  x  Is 
written  «|B|  ,  mi  orally  we  weald  say  de@~tw©»wl$3r  asd  d®©-a>t»o. 


Sxorcicssi 

Find  the  derivative  indicated  in  the  following 
*•  for  y  »  3x^  ♦  h *3  ♦  2x  ♦  5 

Solutions  |3T  o  12x3  +  i2x2  +  2 
derivative  of  |j£  «  *  36s2  +  2hx 

2.  ijj!^  for  y  »  x^  +  6x2  +  3  -  x~2 

Solutions  ^  ■  f*x/<  +  12x  ♦  2x"3 

&  -  20x3 
dsr 


+  12 


«  60s2  ♦  2ljx"^ 


■  120x  -  120x“ 


3*  for  y*  &x2  ♦  fix  ♦  10  Aaa.  8 
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Jr. 

dx^ 

t or  y  *»  1&&*  *  x^  *  x 

km. 

960s£  *  6 

S*  £ 

for  y  *  ItxsP  *  +  x 

km* 

BO^  *  5s2  +  1 

6.  & 
d3L^ 

for  y  *  iL»  *2  +  Jj 

Xr  x 

km. 

gsH*  + 

7.  § 

for  y  «  x2  ♦  100k  +  1000 

km. 

2 

10.5  Derivatives  with  Mere  Than  2  Variables. 

f  xi-anpw^i  ina*»w«tw»  » «—  iimwiwmwp^»w— »na»— Bwwm,f  «*■«—» m 

In  &$m  eases  we  my  find  that  a  variable  Is  ds^mdcnt  ?§joa  rare 
than  am  independent  variable.  For  ©sss^s 1©,  j  right  he  dependent  upon 
ra  and  t  as  chcsn  In  the  following  eqsatios. 

y  «  jsb^ 

In  this  ease  vm  can  take  the  derivative  of  y  tilth  respect  to  one  of  the 
independent  variables  and  consider  the  other  one  to  be  constant.  This 
is  what  is  called  partial  differentiation .  Mien  v&  take  a  partial 
derivative,  we  take  the  derivative  with  respect  to  one  variable  and 
consider  everything  els©  to  be  a  constant.  If  we  take  y  p.  and  find 
the  first  derivative  with  respect  to  <Q. ,  w  would  get: 

^  •  (2)  at  «  2mt 
With  respect  to  k,  w©  get: 


Roacaber  nesr,  each  of  theca  is  a  partial  derivative.  If  we  want  to  get 
the  total  rate  of  change  we  weald  have  to  malpalata  the  equations  so  that 
only  the  dy*e  were  on  the  loft  side  of  the  equations.  In  oar  ez&rpla,vo 
would  have: 

(1)  dy  “  2at  (dt)  (Differential  with  respect  to  t) 


”  s, 


sad  (2)  dy  *  t2  (da) 
¥©  cost  add  the  t?TO  differentials 


to  get  the  t&tal 


dy  *  &st  (dt)  ♦  t2  (da) 

'Shin  is  what  is  term  as  the  total  differential. 

Wow  let®  3  try  a  few  ossreises  md  see  if  m  ©sn  get  the  sssanrs 


1.  Find  the  partial  derivative  with  respect  to  a  for 

grx*a^  +  a  +  5t2  +  3t 

Solution:  Consider  x  to  be  a  constant 

U  »  2a  +  1 

2.  Find  the  partial  derivative  with  respect  to  x  for 

y**rs2  +  B  +  x2  +  x 
Solntiom  Consider  a  to  he  a  constant 
*  2x  +  1 

3.  Find  the  total  derivative  of 

3r“n2  +  a  +  x24-x 
dy  *  (2a  +  1)  da  +  (2a  +  1)  dx 


lx  Find  -gj-  for  y  *  a  +  xa  ■**  x  Acs*  2a  +  z 

u23 

2.  Find  i§£  for  y  *  s2  +  sa  ♦  x  Acs.  a  *  1 

viA 

3.  Find  «p£  for  y  ®  *  as2  +  x2  Acs.  a2  ^  2s 


is. 

Find  g 

for  f  »  e3  *  xs*2  ♦  x2 

ins. 

3s2  *  2m 

Find 

dB2 

for  y  a  B3  ❖  3E®2  4.  ^2 

Ans. 

6a  *  2x 

6. 

Find  d% 
d? 

for  y  ®  a3  *  xa2  *  x2 

Ans. 

2 

7. 

Find  g 

for  y  s  e2  *  a2  ♦  x2 

Ans. 

3. 

Find  || 

9  9  9 

for  y  *  ss  +  xr  ♦  ar 

Ans. 

2a 

9. 

Find  |£ 

for  y  *  a2  *  a2  +  s2 

Acs. 

2s 

10. 

Find  total  derxvstivo  for 

y  »  a2  +  n2  ♦  x2  Ans,  2xdx  ♦  2sin  *  2s&a 

10.6  Special  Derivatives. 

While  all  equations  can  Iso  differentiated  by  the  first  principles, 

•1 

the  work  involved  saltires  bseoesa  unduly  lengthy,  For  this  reason, 
goes  derivatives  are  usually  nsooriaed.  The  jaore  cojsnonly  found  dssd&sri&yes 
are  listed  below,  with  an  exanple  of  each,  Too  formulas  used  are  offered 
without  proofs 

1.  8«a  of  terns  y  °  as®  +  cx&*2+  **  *•  0 

4,  (R»i)  bx(n"2)  +  (n~2)  cx<R-3)  •>  0 

m3. 

Esac^lsj  y  a  lx2  *  2x  +  3 

®  6x  *  2 

dx 
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2,  Fredtsets  of  terms,  say  y  ”  (u)  ( r ) 


i 


Example* 


I  «  *  I  <B) 

y  «  (x2  ♦  3)  (W*  5) 

|g  *  2x  (lixJ*  «■  5)  +  16^2  *  3) 

*»  Sx^  *  IGbc  +  l&r*  ♦  1*8x2  «  2k%P  *  1*8x2  *  lQx 


3. 


Quotients  of  terms,  say  y 


3 

V 


Exwgple:  y  " 


x2  *  3 

wiiwiniiir« 

X 

x{2x)  -  (x2*  3)  (1) 
x2 


2 x2  «  x2  -  3 
— - -  . 


ij,  Derivative  of  fractions  of  a  fumotica,  say  y  «*  a*1  t&er©  a  is  a 
fraction  of  x. 


Example*  y  «  h  u,  where  u  *  x2  *  2 

I  ■  *  »  ll  ■  2* 


»g  *  ii  «•  2x  "  8x 

Ecsrcisos* 

1.  Differentiate  y  “  (x2  +  1)  (x2) 

Ans,  l*x2  *  2x 

2,  Differentiate  y  *  (x^  +  3a)  (x  ♦  1) 

km,  l*x2  +  3s2  *  6x  *  3 
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'  V'  ?  % — 


Differentiate 

v  _  ♦  a 

Am* 

2a^  ®  lax 

Differentiate 

.  *“* 

Am* 

2s£  ♦  Its?’ 

^*^♦1 

3S^  *  2X2  *  1 

Differentiate 

y°  |u^ 

Ass, 

3x  (x2  *  ii)^ 

where  u  »  z^  *  k 

Differentiate 

y  *  6u"3 

Ass. 

-3&T7 

where  u  ® 

10,?  Kaxlssa  sad  ElnlsKsa  Points, 

nn«WM  WMMUiWlWWB <1M)M>||||.TIIIMW.»W>MMIW— II.»— M.ITW 

Tha  stssdsnt  should  recall  fr  as  our  original  derivation  of  to  first 
derivative,  that  is  the  Halt  of  »j»2  ag  A  x  approaches  sere,  We 
should  reflect  en  this  statcaaat  for  a  meant  *ad  visualise  what  would 
happen  In  Figure  10-1  if  we  lot  A  x  approach  swro. 


The  bypoteaure  cf  oar  triangle  would  rotate  ecusterolocksieo ,  passing 
through  the  various  ordered  pairs  ca  to  curve,  until  It  coincided  with 
to  line  tangent  to  to  curve  at  (x,y) .  Oca  this  occurs,  Ax  hag 
approached  ears*  and  ~|||  beoesss  to  slope  cS  to  tangent  to  to  curve 
at  point  (x,y) ,  It  ch-cald  new  he  evident  to  the  student  tot  to  slope 
©f  the  curve  at  any  particular  point  is  equal  to  the  elope  of  to  line 
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tsa^eat  to  the  ccm  ct  that  paint.  Therefore,  ^  eas  senslude  that  tfe© 
first  derl'iBtivs,  g,  Is,  geometrically  epasklag,  the  slops  of  tho  eam» 
of  the  function  at  asy  point  on  the  curve. 

If  tre  had  the  function 


-  12x  ♦  2 


g  »  12x  -  12 

the  expression  ,12s  -  l^,is  the  slope  of  tbs  eu rm  y  •  6ce2  -  12x  *  2 
at  any  point.  If  it  were  accessary  to  obtain  the  ©lops  at  a  particular 
point,  say  x  “  -1,  m  would  sixply  substitute  the  valus  x  *  ®1  in 
12x  -  12 

Then  12(-1)  -  12 


-12  -12  *  ~2li 


The  slop©  of  y  «  6x2  -  12x  +2  at  x  "  -1  is  the  high  negative 
slope,  «2h . 

At  x  “  0,  12x  -  12 

12(6)  -  12  -  -12 

tiie  alopo  equals  ••12. 

At  x  ■  +1,  12x  »  12 

12(1)  -12-0 

tho  slops  is  aero,  therefore  tho  slope  of  the  carve  at  the  point 
x  13  1  is  parallel  to  the  x  axis. 

At  x  *  2,  12x  -  12  •  0 

12(2)  -  12  ■  *12 
At  s  »  3  ,  12(3)  -  12  -  ♦all 

The  fossa  idea  y  -  -  12x  *  2  ia  sketched  in  Figure  10-2.  Tho  y 

valusa  corresponding  to  tho  value  a  of  x  plotted  aro  obtained  by  substituting 
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the  appropriate  x  ^alnss  la  the  original  equation.,. 


1  Pigm-e  10-2 

At  point  (0,2)  vs  ealeul&tsd  the  slope  to  be  ~12j  at  point  (X,4t)  it 
was  Of  and  at  point  (2,2)  it  was  +2.2, 

You  Hill  recall  front  our  study  of  linear  equations  that  m  equation 
such  as  y  *  2x  +  1*  is  in  the  slope-intercept  fora  of  the  equation*  The 
graph  of  this  equation  was  a  line  with  a  slope  of  +2.  Let's  see  what 
happens  if  we  take  this  equation  and  differentiate  it* 

y  «  2x  +  1» 

^j*  «  +2 

The  first  derivative  is  the  coefficient  of  x  which  ts®  already  know  is 
the  slope  of  the  equation  of  this  line*  If  no  understand  th©  ffirplo 
concept  of  slope  as  covered  in  the  chapter  on  linear  equations  and  as 
developed  above,  the  subject  of  determining  ssaxiEoa  or  ninteas  points, 
relative  xaxteca  or  nininua  points  or  points  of  inflection  of  graphs  of 
functions  will  be  very  simple. 

How,  what  do  tra  ©son  when  m  raxinm,  ndniso,  relative  casirasa 
or  relative  ainisua  points?  In  the  graph  of  the  parabola  in  Figure  10-2. 


the  point  (1,-Ji)  is  definitely  a  sdniimaa  point  on  the  graph  sine©  there 
is  no  possible  value  of  x  •which  can  be  substituted  in  tbs  station,  uhich 
will  result  in  a  lower  value  of  y  than  -Ji*  A  parabola  such  as  the  cm 
sketched  in  Figure  IQ-3  would  have  a  definite  maximum.  at  x  •  0. 


Figure  10-3  Figure  10-ij 


At  any  other  value  of  x,the  value  of  y  would  bo  less  than  soro.  Looking 
now  at  the  function  sketched  in  Figure  IO-I4,  we  can  see  that  as  x 
decreases  to  the  left  of  point  A  the  corresponding  value  of  y  also 
decreases.  As  X  increases  to  the  right  of  point  B  the  corresponding 
value  of  y  also  increases.  There  obviously  must  be  higher  y  values  than 
the  y  value  at  point  A  and  lower  y  values  than  the  y  value  at  point  B, 
Point  A,  then  is  referred  to  ia  s  relative  maximum  point,  and  point  B  is 
referred  to  as  a  relative  minima  point.  The  explanations  above  are 
presented  without  the  use  of  formal  definitions.  The  student  is  invited 
to  develop  in  his  own  words  appropriate  definitions  for  these  cesoepto. 
It  should  be  noted  by  the  student  that  at  the  turning  points  in  Figures 
10-2,  10-3,  and  10-iis  the  slopes  of  the  curve  and  of  the  tangents  to  the 
curve  are  equal  to  sero. 
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The  slops  of  &  carve  also  equal  sere  at  points  of  inflcotlea. 

The  student  should  turn  ahead  to  Figures  10-7  asd  10«6  to  cm  what  points 
of  inflection  look  like.  We  will  sttsd7  the®  ia  detail  in  subsection  10.8. 

At  the  coordinates  (1,4)  of  Figure  30-2,  we  found  that  the  slops 
me  aero.  This  point  coincided  with  the  ainiKtsa  point  on  the  graph.  The 
student  should  also  realise  that  as  m  sored  along  the  curve  froa  x  *  0 
to  x  «  2  our  elope  went  froa  -  to  0  to  +  or  the  "rate  of  change®  of  slop® 
in  that  area  ms  positive. 

Rewriting  our  original  function 
7  »  6x^  -  12s  +  2 
and  differentiating 

“  12x  -12  “  slope 

To  obtain  a  point  where  the  slope  ia  zero,  we  edwply  set  the  expression 

we  have  obtained  as  our  first  derivative  equal  to  aero  and  solve  for 

the  unknown,  in  this  case  z, 

12x  -  12  «  0 
12s  -  12 
x  *  1 

Therefore,  at  ib1to  knot?  the  elope  is  0.  (Wo  then  kaotr  that  wo  have  a 
waxiHuia  or  r&nlnon  point  oi*  a  point  of  inflection  as  will  bo  shown  later) . 
What  then  is  the  y  coordinate  at  this  point?  This  is  obtained  by 
substituting  the  value  of  x  ■  1  in  tha  original  equation. 

y  m  6x^  -  12X  ♦  2 
y  •  6(1)2  -  12(1)  +  2 
7*4 
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Sins©  to  graph  is  skatjehod  in  Figure  10-2  already  m  ksos?  la  this  earn, 
that  tiie  point  is  a  steisasa  point.  Suppose,  h ©savor,  that  ws  did  not 
Vnay  whether  tha  point  on  the  curve  was  a  saxissBi  or  &  ateizsca  at  this 
point.  We  can  detonates  this  without  plotting  the  graph  by  taking  tho 
second  derivative ,,  and  then  substituting  the  value  of  x  for  w£i«h  .  vo  -knesr 
that  tha  slope  is  zero.  Since  the  first  derivative  gives  ns  tho  slope, 
or  tho  rat®  of  change  of  yvith  respect  to  xt  to  second  derivative 
should  give  us  the  rate  of  change  of  the  first  derivative  or  rate  of 
change  of  slope  with  respect  to  s  at  any  value  of  x.  If  to  slope  rate 
is  positive,  we  should  obtain  a  positive  figure  when  we  substitute  our 
value  of  x  where  to  slope  is  soro  in  to  second  derivative  oppression. 
The  reverse  is  true  if  to  slope  rate  is  negative  at  the  value  tore  tho 
slope  is  soro. 


In  to  parabola  example 

•  6x  »  12 

»  & 


Tho  second  derivative. 


dx 


+6,  which  indicates  to  us  that  if  v® 


cove  in  tho  positive  x  direction  on  the  parabola  the  rate  of  change  of 
slope  will  always  be  positive.  This  concept  can  sore  easily  bo  visualised 
by  to  solution  of  a  problo, 

Exscplot 

1.  Detonate©  the  turning  points  for  to  graph  of  to  equation 
y  *  x-*  «.  i  aud  r’ratcb  tho  graph. 

y  *  x^  +  ^  +  1 

First, take  tho  first  derivative  to  obtain  to  expression  for  tho  slope. 


M  3x*-  +  £x 


slopo 
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Find  ©at  shere  to  have  barnisg  points  by  egs&tiag  tla  ©lope 
expression  to  sere,  since  tbs  slope  trill  bo  sere  at  assy  taming  point  (cf 
at  a  point  of  inflection  aa  diseased  in  subsection  10,8). 

3k2  +  2x  ■  0 

factoring  x  (3x  +  2)  *  0 

x  °  0 
3x  +  2  *  0 

3x  *  -2 

2 

r 

Therefor,  to  knm?  that  at  x  “  0  and  x  «  -2/3 »  the  slops  is  0  and  to 
has®  turning  points. 

Next,  to  obtain  the  values  of  y  which  correspond  to  x  *  0  and 
x  “  -2/3  by  separately  enbstitating  those  values  in  th©  original  e<juati©a. 


y  »  x?  +  x*  +  1 
When  s  **  0 

y  •  0  +  0  +  1 
y  *  *1 


y  »  x3  +  x2  +1 
When  x  “  -2/3 


7"  1  li/27 


Turning  points  are  located  at 
(0,1)  and 

Then  to  determine  if  these  points  are  relative  tsodgaa  or  nlninua  points, 
to  take  the  second  derivative. 

Since  ■  3X2  +  2x 


—K 

ebr 


nh. 


6s.  *  2 


Substituting  &  ®  0  in  &&  *  2 

6(0)  *  2  •  *2 

This  tells  sa  that  the.  slop®  rate  is  positive  at  x  *  0*  Therefore,  point 
(0,1)  is  &  Etl&imi  point  or  relative  slnignm  point. 

Substituting  x  ®  "»2/3  ia  6c  *•  2 


6C'I 


♦  2  b  «2 


This  tells  us  that  the  slops  rate  ia  negative  at  x  *  -2/3,  therefore,  m 
n  n  w  i? 

have  either  a  naxteum  or  a  relative  ssudma.  We  then  can  sketch  these  tee 
points  on  a  coordinate  axis  as  shewn  by  the  solid  curve  in  Figure  10-5. 


Figure  10-5 


Wo  can  also  see  froa  1*9  original  equation  y  »  x3  +  +  1,  that  as  x 

increases  beyond  x  “  0,  y  will  continue  to  increase  toward  ♦  infinity? 
also  as  x  decreases  below  -2/3,  y  will  continue  to  decrease  indefinitely* 
Therefore,  wo  can  clearly  see  that  the  turning  points  m  have  obtained  arc 
relative  carLaua  and  niainua  points.  We  can  then  sketch  ia  the  rest  ef 
our  curve.  (Shown  in  dotted  lines  in  Figure  10-5.) 


Example* 

20  Batorslns  the  relative  caxissa  and  Edniwraq  points  for  the  graph  of 
the  equation  y  »  ^  -  2s*  *  3*  ♦  1  and  sketch  the  graph  of  this 
equation. 
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then 


x* 


*  3x  *  1 
3*£  .  hx  *  3 


<-,0  0 


then 


x2  «  ipc  **•  3  “  0 
(x  »  3)  (x  *•  i)  *  0 
X  *  3 
x  *  1 


6t  x  ®  3, 


at  j  *  1? 


2x  -  3? 

B(P  "■>  h  88  *g  0e»&V0  up  or 

relative  ’,ats^s®sw 

2x  ~  h 

2(1}  •*  h  *  "2  Concave  down  or 

MM» 

relative  n^SS£&n 


Finding  the  corresponding  y  values  froa  the  original  equation* 


at  x  ■  3, 

at  x  ■  1, 

y»|^-2x2+3x+l 

y  -  2X2  ♦  3x  ♦  1 

y  a  I|li  „  2(3) 2  +  3(3)  ♦  1 

y  «  -CiL  .  2(1) 2  +  3(1)  *  1 
3 

y«  9  -  18  *  9  +  1 

y  3  -y 3*i 

y  “  li 

y  a  7 
*  *1 

As  in  the  first  problem,  for  values  of  x  >  3>  7  ccntinuos  to  increase 
indefinitely,  and  for  values  of  x  ■<  1,  y  decreases  Indefinitely.  V©  then 
confirm  that  our  values  are  relative  eaxieca  and  tdstesa  points.  Our 
sketch  uill  look  like  Figure  10-6, 


(1#*V 


C(3  .!)• 


Figure  X(Mj 


10.8  Points  of  Inflection. 

Relative  saxi&aa  and  ainisaa  points  are  not  t&e  casly  t&sss  that 
a  carve  xssy  hare  its  slops  equal  to  aero,  Ssfasrteg  ms  to  ?%nr©  10“?, 


Point  of 
Inflection 


+  Slope  -  Slope-1 


Point  of 
/  Inflection 


Slops 


v0  Slope 


Figaro  10-7 


0  Slope 


S3  ope 


Figure  10-8 


m  om  ose  teat  if  tw  had  a  carve  each  &s  teat  shorn,  oar  slope  could  bo 
positive  as  ve  approached  x  »  0,  in  tea  positive  direction,  teo  olopo 
would  bs  0  at  x  °  0,  and  fchon  it  ®oold  again  become  ami  regain  positive 
at  s  >  0.  The  reveres  is  troa  for  th©  carve  ehem  in  Figaro  10-8. 
ffisrc  tee  elope  goes  fixes  sainas  to  soro  to  shuts  as  indicated.  The  points 
(0,0)  tn  meb  case  are  called  points  of  inflection. 


1.  Shstsh  tee  graph  ef  te®  carve  y  13  x^. 


y  •  x? 


Equating 


3X2  to  0 
3s2  •  0 
x  ®  0 

7  *  0*  by  substitution  in  original 


This  then  tolls  us  that  et  z  8  0,  y  B  0,  the  slope  is  0, 


the  second  dorivativ®. 


®  6x 


^™xa0t  jfL  •  6s  -  6(0)  »  0 


Mhos  Ufa  substitute  a  valua  of  x  for  which  the  slops*  is  aero  in  tho  eecond 

darivativa  and  obtain  a  sere  answer,  w©  feavs  a  point  of  inflection.  2? 

vo  graph  the  equation  y  a  x3,  will  see  that  it  baa  the  genaral  slops 

of  tho  curve  in  Figure  10-7.  Th©  slope  goes  fraa  plus  to  zero  to  pins 

as  wo  Earns  from  negative  values  of  x  to  positive  values  of  x  end  the  rate 

of  change  of  slops*  ,  is  aero  whore  tho  slopo  is  zero. 

dx~ 

The  atudont  is  invited  to  plot  tho  curve  y  »  «x3  and  dotsrsdna  if 
it  has  an  inflection  point. 


10.?  St 


rg  Points  and  Points  of  Inflection. 


When  asked  to  graph  a  function* 

1.  Take  tho  first  derivative  and  equate  it  to  as-o.  Tho  values  obtained 
toll  us  m  kavo  cither  a  turning  point  (isasdisua  or  aisiissa)  or  a  point 
of  inflection. 


i 


(1)  a  positive  sign*  m  ham  s  adnisss  or  a  *a&ftfcta»  a^uissi  stfet, 

9  ii  i'm  mm  t  wi  Tifi 

(2)  a  aeg&tivs  giga,  v»  te&vo  a  saxSaases  os*  a  reX&tiv®  msksssa  p»;t£it9 

(3)  sero,  wo  b&m  a  point  of  inflection. 

3,  ¥©  obtain  the  corresponding  mines  <s£  the  dependent  variable  (y)  Sse& 
aubstitatlag  the  vslaos  of  tho  independent  variable  (x)  obtain  in 
stop  1  It;  tfea  origins!  equation. 

Ixsrcieest 

1.  Find  the  ceordirsat©©  of  th©  m !te&sm  point  ca  tha  graph  of  tks  equation 

y  *  x2  +  2x  +  ii.  Ass.  x  »  ®1  y  *  3 

2.  Find  the  coordinates  of  ths  relative  u&xtesa  and  E&afeas  points  on 

the  graph  of  tho  equation  y  •  2L  ♦  2^,  Skstob  the  graph  of  this* 
equation.  A as. 

Relative  xzsx&sm  x  »  *4  y  «  10  2/3 

Relative  sirriisiss  x  ®  0  y  “  0 

3.  Sketch  the  graph  of  the  equation  y  "  3x^.  ¥hat  are  tho  coordinate® 

of  the  point  of  inflection?  A  ns.  x  •*  Q  y  »  0 

10,10  Introduction  to  Integration. 

In  differentiation  »a  are  givsn  a  function  and  askod  to  fin d  a 
cortsia  derivative,  er  m  aro  given  sosss  derivative  and  askod  to  find  a 
higher  order  derivative.  In  integration,  vts  srorfc  in  the  op^g&ts  direction. 
Hero  vs  ars  given  a  derivative  and  wo  are  required  to  ^.intagrato8,  or 
obtain  either  the  original  ftmetdon  or  the  next  lot*ar  derivative,  lot»s 
take  tho  eisrple  function 

y  “  3s2  +  h 

179, 


Warn  m  differentiate  It,  m  obtains 


obtain  tfe©  original  fseetien.  fs  indicate  tha  integration  oper&tica,  ss 
arrange  oar  di^vatfv©  in  a  sposial  scajsssr*  first  &S  all,  v&  issltlply 
both  sides  by  dx  and  obtains 


Shan  wo  insert  as  integral  sign,  *,J*  8,  cn  both  sides  of  the 
aquation  as  indicated  holm, 

JW  *  dx 

Ho  now  &rs  ready  to  integrate. 


If  vra  rain®  th©  power  of  x  to  the  next  power,  2,  and  divide  by  the 
C&E3  Rtcsbor  2,  wa  obtain  ^  or  3x2,  the  first  tec®  of  the  original 
function.  With  the  caagor  eaoust  of  inforsation  given,  it  lo  impossible 
to  obtain  the  ocnartant,  *ht  we  originally  had.  The  original  function 
could  have  had  any  nushsr  for  a  constant,  sines  the  derivative  of  a 
constant  is  soro.  He  coavreatdonally  oospensat©  for  this  inability  by 
indicating  that  there  could  be  a  constant  by  adding  .  *c  to  tfco  function 
developed  by  integration,  Stcrarlaing  our  integration  problen, 


dx 


3X2  +  e 


Sinilrrly, 


and 


x  ♦  e 

Jt  (x2  +  2x)  dx 

x3 
3 


ISO. 


+  x2  ♦  © 


Our  general  rwl©  for  integration  then  for  a  derivativc^sueh  a@ 

||  "  as^5*  *8  an^T0^  &fj  &s  folium*  Qbm»%%&%  tMa 
derivative  to  the  integration  torn, 

ffy  “  fas*  dx 

hi  eh  >>eeo©3S 

y  a  asn'f^  +  c 

33*1 

Examples; 

1.  Integrate:  ||  *  -  3x^  +  2s2  +  x  +  1 

then  ffy  °  -  W*  ♦  Sc2  +  x  ♦  1)  dx 

y  *  - _ i!  +  +  £Z  ♦  X  *  © 

5  h  3  2 

2*  Psrfora  the  indicated  operation. 

^/dy  *  /(**  *  2)  dx 

y  *  +  2x  +  0 

3 

y  "  x^  +  2x  +  c 

10.11  Distance,  Velocity  and  Acceleration. 

If  X70  have  an  equation  vMch  exproeoss  soas  distance  traveled 
expressed  as  a  funotlon  of  ties,  the  first  derivative  is  an  oqnaW.cn  for 
the  velocity,  sinco  velocity  is  defined  as  the  rats  of  chang®  of  stance 
with  respect  to  tics.  The  coo  end  derivative  ©i  «  origae"'!  equation  la 
equal,  to  the  acceleration jSinoe  the  acceleration  is  the  rate  of  change  of 
velocity  with  respect  to  ties. 

Therefore,  if  the  distance,  8,  a  certain  object  travels  (in  feet)  io 
expressed  «a  a  f motion  of  tiaa  t  (in  ascends)  is  S  al6t3  +  2t2  *  3t  ♦  10, 
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6  * 

lSt3  ^  2t2  *  34  ♦  % 

fMt 

than 

ds  m 

velocity  ®  i?8t2  +  Ut  *  3 

and 

(j2g 

“"•W 

dt* 

w  acceleration  ®  $6t  *  li 

Hxmpleh 

1*  The  Telocity  (ia  ft/ceo)  cf  a  body  at  any  tics  4  (Ik  second®)  is 
related  to  tisa  by  tfes  following  equation?  7  «  i2  «  4  +  1«  Find 
an  equation  which  espressos  the  disfeanao  traveled  as  a  function  of 
bins  if  the  distance  traveled  at  tics  Q  seconds  is  0  feet* 
v «  4®**t2-t^i 

^da  m  %f* -  t  +  1)  dt 
8  ®  4^  n  ^  t  ^  c 


Since  a  “  0  when  t  «  0,  then  O^O-O^O  +  c 

o  *  0 


theroforo 


2.  Dotornino  an  expression  for  the  acceleration  of  tha  object  at  any 
tissa  t  ia  the  above  esaEplo, 

7*  ^  "  t2  "  4  *  X 


Exorcises? 

1.  J  Ox*  +  ~2)  dx 

2,  jf(«3  +  kx?)  &K 


dr  a  d£g 

dt  dt2 


1  in  tsdts  of  ft/eeo/sse 

Ans* 

ins* 


162. 


3j3  »  i  +  e 

x 

•  3x  *  0 


If  distant  ,yln  yards,  and  tinrn.xin  seconds,  are  eonaeet ®d  by  the 
following  forisule,  y  ®  x2  •  ..  +  1,  what  is  tfc©  velocity  at  tto 
(a)  ssro?  (b)  after  2  seconds?  (o)  after  10  seconds? 

An *s.  (a)  1  yard/sec  (b)  $  yarda/me  (©)  21  yards/eeo 

6.  What  is  the  acceleration  in  problem  5? 

A  ns.  2  yards/eec/eeo 

7.  The  velocity  of  an  object  after  2  seconds  is  oqssal  to  10  feot/ceo, 

Tho  distance  traveled  at  tics  0  seconds  is  0  foot.  If  the  ecealeratioa 

of  this  object  in  feet/seo/eoc  is  given  by  tho  fcrnala  a  •  x  *  2, 

shore  x  is  expressed  in  seconds,  what  is  the  creation  which  expresses 

the  dietanoo,  a,  traveled  in  terras  of  x? 

Ans.  s  »  *2  ♦  x2  ♦  la  foot 

6 

8.  Tho  velocity  of  a  body  in  ft/cec  at  ties  t  coccadn  ia  given  by 

v  ■  t<*  -  t  +  1.  Find  tho  distance  fron  an  observer  at  tics  ^  if  t&s 
position  ia  1  foot  at  ties  sero  seconds. 

*3  4.2 

Ans,  s  *  JL  -  i.  +1  feet 
3  2 
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